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Abstract

For investigating gravitational theories, it is important to research exotic
matters theoretically and observationally. In this thesis, we investigate two
methods with gravitational lensing to detect exotic matter objects, espe-
cially the Ellis wormhole which is an example of traversable wormholes of
the Morris-Thorne class.

It is well known that, for the lensing by a black hole, an infinite number
of Einstein rings are formed by the light rays which wind around the black
hole nearly on the photon sphere, which are called relativistic Einstein rings.
This is also the case for the lensing by a wormhole.

First, we study the Einstein ring and relativistic Einstein rings for the
Schwarzschild black hole and the Ellis wormhole. Given the configuration of
the gravitational lensing and the radii of the Einstein ring and relativistic
Einstein rings, we can distinguish between a black hole and a wormhole in
principle. We conclude that we can detect the relativistic Einstein rings
by wormholes which have the radii of the throat a ~ 0.5pc at a galactic
center with the distance 10Mpc and which have a ~ 10AU in our galaxy
using by the most powerful modern instruments which have the resolution of
10 2arcseconds such as a 10-meter optical-infrared telescope.

Second, we investigate the signed magnification sums of general spherical
lens models including the singular isothermal sphere, the Schwarzschild lens
and the Ellis wormhole. We show that the signed magnification sums are a
very useful tool to distinguish exotic lens objects. Future surveys of lensed
quasars will give a strict upper bound of the number density for wormholes
or detect wormholes.

We may test the hypotheses of astrophysical wormholes by using the
Einstein ring systems and the signed magnification sums in the future.
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Chapter 1

Introduction

General relativity is the simplest gravitational theory which passes the clas-
sical tests that are the deflection of light, the time-delay of light and the per-
ihelion shift of mercury [1]. While general relativity has won the confidence
of physicists and astronomers, alternative theories have been investigated
eagerly because of the possibility of renormalization, an explanation for the
rotation curves of galaxies, dark energy and so on.

It is well known that our universe would be filled with dark matter and
dark energy. Planck measurements of the cosmic microwave background
and the baryon acoustic oscillation show the equation of state for the dark
energy w = p/p = —1.13+ 0.13 — 0.10 (68% C.L.), where p and p are the
pressure and the energy density, respectively [2]. This implies that exotic
matters with w < —1 may not be exotic in our universe. For investigating
gravitational theories, it is important to research exotic matters theoretically
and observationally.

These something dark and exotic can be detected with gravitational lens-
ing effects indirectly. In this thesis, we will investigate the two methods to
detect the exotic lens objects with the Einstein gravity. Especially we will
research gravitational lensing by a wormhole which is a hypothetical object
which connects two or more asymptotic region.

1.1 Gravitational lens

According to legend, when Galilei researched celestial objects with his tele-
scope, a man rejected to use telescopes because he thought that they would
be evil tools. This legend teaches us an important lesson that we must un-
derstand tools.

Gravitational lensing is a very useful tool for astrophysics and cosmology.

9
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Using the gravitational lensing, we determine the cosmological constant, the
distribution of dark matter and the Hubble constant, the existence of extra-
solar planets and so on (see Schneider et al. [3] and Perlick [4, 5] and Petters
et al. [6] for the detail of the gravitational lens, and references therein).

Mass lens systems in the weak field have been mainly investigated since
gravitational lensing was predicted about one hundred years ago. However,
curved spacetimes such as wormhole spacetimes also cause gravitational lens
effects (see Visser [7] for the details of the wormholes). Since gravitational
lensing of the wormholes was pioneered by Kim and Cho [8] and Cramer et
al. [9], many interesting aspects of gravitational lensing by various worm-
holes have been investigated [10, 11, 12, 13, 14, 15, 16]. We may test some
hypotheses of astrophysical wormholes by using the gravitational lensing in
the future [17, 18, 19, 20].

Darwin studied the orbits of particles and light rays on the Schwarzschild
spacetime [21, 22] and he found the relativistic images which are a series of
faint images lying just outside the photon sphere [21]. For the past decade,
gravitational lensing in the strong gravitational field has been studied ea-
gerly (see Virbhadra and Keeton [23], Virbhadra [24], Bozza [25], Bozza and
Mancini [26] and references therein). Frittelli et al. [27], Virbhadra and Ellis
(28, 29] and Bozza et al. [30] studied the gravitational lensing in the strong
field with the Schwarzschild spacetime and found infinite images, which are
too close to each other to separately resolve. In this thesis, we call these
images relativistic images. The gravitational lensing in the strong field on
the spherically symmetric static spacetime was investigated by Bozza [31],
Hasse and Perlick [32] and Perlick [33]. They showed that the relativistic
images are formed not only in the Schwarzschild spacetime but also in the
other spherically symmetric static spacetime.

Gravitational lensing is not only important for astrophysics but also in-
teresting as the subject of mathematical physics. Witt and Mao investigated
the magnifications for lensing by double lenses and found that the signed
magnification sums of the five images become unity inside a caustic [34].
Rhie gave another proof for the invariance of the signed magnification sums
of gravitational lensing by double lenses and applied it to the n-point lens
systems [35]. The signed magnification sums of the simple galaxy models
which are variations on the singular isothermal sphere were studied by Dalal
[36], and those of quadruple lenses were investigated by Witt and Mao [37].
Dalal and Rabin showed that residue integrals provide a simple explanation
for the invariance of the signed magnification sums [38]. See also Petters
et al. [6] for the details of the application of the singularity theory to the
gravitational lenses. Recently, Werner showed that the signed magnification
invariant is a topological invariant [39]. The local magnification relations
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with a subset of the total number of lensed images have been investigated
eagerly [40, 41, 42, 43, 44, 45].

Gravitational lensing may become important to test some gravitational
theories. The gravitational lens effects of the braneworld gravity models
also have been investigated. Majumdar and Mukherjee [46] and Eiroa [47]
studied the gravitational lens effects on a braneworld model. Keeton and
Petters studied the gravitational lens effects of the Garriga-Tanaka metric in
the type II Randall-Sundrum braneworld gravity model [48].

In this thesis, we will show that the signed magnification sum would be
a powerful tool to research the lens objects as well as the total magnification
and the magnification ratio if we observe a double image. Over than a hun-
dred Multiple images including double images have been observed so far [49].
Large Synoptic Survey Telescope [50] will find about 8000 multiple images
of lensed quasars [51]. The future surveys will give a strict upper bound of
the number density for wormholes or detect wormholes.

We will also consider the Einstein ring and relativistic Einstein rings in
the Ellis wormhole spacetime and the Schwarzschild spacetime, both of which
are static and spherically symmetric ones. We ask whether we can distinguish
the Einstein ring systems on the Schwarzschild spacetime and on the Ellis
wormhole spacetime? To answer this question, we focus on the relations
between the Einstein ring and the relativistic Einstein rings.

1.2 Outline of this thesis

This thesis is organized as follows. In Chapter 2, we introduce the basic equa-
tion of gravitational lenses. We review the simple lens equation including the
effects of the strong gravitational field in Section 2.1 and the deflection angle
of the light ray and the magnification under the weak field approximation
in the Schwarzschild spacetime in Section 2.2. In Chapter 3, we review the
Morris-Thorne wormhole and the Ellis spacetime and the deflection angle
of the light in the Ellis wormhole spacetime. In Chapter 4, we will investi-
gate the gravitational lenses in the weak field limit. We discuss the signed
magnification sums of general spherical lens models including the singular
isothermal sphere, the Schwarzschild lens and the Ellis wormhole. We will
number the real solutions of the lens equation because the signed magnifi-
cation sums are physical invariants only when all the solutions are real. In
Chapter 5, we discuss the gravitational lenses on the spherically symmet-
ric and static spacetime in the strong field limit. In Section 5.1, we review
the magnification and the radii of the relativistic images in the strong field
limit. In Section 5.2, we discuss the gravitational lensing in the strong field
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limit on the Schwarzschild spacetime in brief. In Section 5.3, we investi-
gate the gravitational lensing in the strong field limit on the Ellis wormhole
spacetime. In Chapter 6, we will investigate two new methods to distinguish
between exotic matter objects and black holes with gravitational lenses. In
Sec. 6.1, we compare the Einstein ring and the relativistic Einstein rings
in the Ellis wormhole spacetime to the ones in the Schwarzschild spacetime
and show that we can distinguish between black holes and wormholes. In
Sec. 6.2, we show that we can distinguish between mass lenses and exotic
matter objects with their signed magnifications. In Chapter 7, we summarize
and discuss our result. In Appendix A, we discuss the magnification of the
Reissner-Nordstrom Black hole in brief. In Appendix B, we will review the
microlensing of exotic lenses in brief. In Appendix C, we will recalculate the
deflection angle in the strong field limit in the Ellis wormhole spacetime on
the same way as in Bozza's analysis. In this thesis we use the units in which
the light speed ¢ and Newton’s constant G are unity.



Chapter 2

Basic equations of the
gravitational lenses

Mass lens systems in the weak gravitational field have been mainly investi-
gated since gravitational lensing was predicted about one hundred years ago.
However, relativists are eager to test the effects of the gravitational lenses in
the strong gravitational field because gravitational theories including general
relativity have never been tested by any experiments in the strong gravita-
tional field vet.

In this chapter, we will review the basic facts of the gravitational lenses
but our treatments for a lens equation and the deflection angle of the light
are much less common than traditional ways [3, 6] since we also treat strong
gravitational field. In section 2.1. we will introduce an effective deflection
angle of the light ray and a lens equation which are not only valid in the
weak gravitational field but also in the strong gravitational field. In section
2.2, we review the deflection angle of the light ray in the Schwarzschild space-
time. We will express the deflection angle of the photon with an incomplete
elliptic integral of the first kind and the complete elliptic integral of the first
kind. In section 2.3, we review the Schwarzschild lens under the weak field
approximation (3, 6].

2.1 Lens equation

For the past decade, the lens equations which describe the effects of the
strong and weak gravitational field have been investigated (28, 33]. In this
thesis, we will use the simplest lens equation [52] since we only consider the
cases in weak and strong gravitational field limit.

We will consider the case that both the observer O and the source object

13
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S are far from the lensing object L, or D; > b and D;; > b, where b is the
impact parameter of the photon and D; and D), are the separations between
the observer and lens and between the lens and source, respectively. The
configuration of the gravitational lensing is given in Fig. 2.1. Then, the lens

S I
O

O

Figure 2.1: The configuration of the gravitational lensing. The light rays
emitted by the source S are deflected by the lens L and reach the observer O
with the angle of the lensed image 6, instead of the source angle ¢. b and &
are the impact parameter and the effective deflection angle, respectively. D,
and D, are the separations between the observer and the lens and between
the lens and the source, respectively. This figure is taken from [52].

equation is given by
D& = Dg(0 — ¢), (2.1)

where @ = (o mod 27) is the effective deflection angle, § and ¢ are the angles
of the lensed image I and the source S to the lens object L from the observer
O, respectively, and D, = D; + Dy, is the separation between the observer O
and source S. Note that we have assumed |@| < 1, |#] < 1 and |¢| < 1. We
have also assume that the light ray bends on the lens plane. This assumption
is called the thin lens approximation. The deflection angle can be expressed
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a = &+ 27n, where n is a non-negative integer, denoting the winding number
of the light ray.

2.2 Deflection angle on the Schwarzschild space-
time

The Schwarzschild spacetime is the static spherically symmetric vacuum so-
lution of the Einstein equations [53]. In this section, we will review the
deflection angle on the Schwarzschild spacetime [21, 22, 54, 55] since we have
to distinguish exotic lens objects from the Schwarzschild lenses, i.e., mass
lenses for detection exotic lens objects. The line element in the Schwarzschild
spacetime is given in the following form:

d 2
ds” = — (1-"2)at* + gy 17, (2.2)
. T -2

where d2? = dO? + sin® ©d®? and r, is the Schwarzschild radius. The space-
time has the Killing vectors t#9,, = &; and ¢*0, = O for stationarity and
axial symmetry.

We can concentrate ourselves on the equatorial plane because of spherical
symmetry. Using the conservation of the energy £ = —g,, k#t” and angular
momentum L = g,,k*¢” and k*k, = 0, where k* is the photon wave number,
the photon trajectory is given by

1 (dr\*> 1 1 r
— =] =5—-=(1- —g) 2.
4 <d<1>) b r? ( r/’ (23)
where b = L/E is the impact parameter of the photon.
From the photon trajectory (2.3), we obtain

1,

57‘2 + Veff(r) =0, (2.4)
where 12

1 T 1
=2 (L -5y L 2
V=5 |5 (1-2) - & 2:5)

and the dot represents the derivation with the affine parameter of the geodesic.
The maximal value of the effective potential V,¢; is

3ry L* [ 4 1
Vers (7) =3 (Tr? - b_2> - (2.6)




16 Chapter 2. Basic equations of the gravitational lenses

Figure 2.2 shows that the photon is scattered if b, = V3 < |b|, while
reaches the horizon if b, > |b| because the photon trajectory is prohibited in
the regions V.55 < 0. Since we are interested in the scattering problem, we
assume b, < |b|.

0.2 v T v v r v v
b o
h i\,—-‘l',,
0.1 p b 2r, -
= 0} 1
= 0.1 p -
)
-“_) o .‘ N
-0.3 > - . - - . :
0 2 | 6 8 10 12 14
Ty

Figure 2.2: The effective potentials of the photon trajectories. The solid,

broken and dot lines are the effective potentials with b = 5r,, b = 2¥p,

and b = 2r,, respectively. The photons which are emitted by sources with

3y '—‘"u
2

< |b| reflect at V.55 = 0.

Usingu=1 u =1 and u, = 1, we get
T b 9 rg

du\? G(u) (2.7)
S— = ul\u). L.l
dd
where the function G(u) is defined by
. ., % 0
Glu) =y, —u" + —. (2.8)
Uy

In the scattering case, G(u) has three zeros v , u, and uy which satisfy
u <0< u, <uy < u, We can also describe G(u) as

]
Gu)= —(u—u_)(u—uy)(u—up). (2.9)

Uy,
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By comparing Eq. (2.8) with Eq. (2.9), we can find

Ty —rg —/(ry — o) (T4 + 31y)

U- = 2rgry ’
1
Uy = —,
T+
w o TET Tt V(ry —1g)(ry + 3rg) @ 10')
0 2rgr. ’ '

where 7, is the closest distance of the light ray. The relations
U_ + Uy + U = Uy (2.11)
is very useful. The impact parameter b of the light ray is described by

Pt (2.12)
Ty —Tg

Figure 2.3 shows the deflection of the light ray. The light ray which comes
from the direction ® = —a/2—7/2 is deflected at ® = 0 and goes away in the
direction ® = «/2+ /2. The deflection angle « of the light ray is calculated
as

a=2 . (2.13)

/ o du

0o VG(u)
This integral is expressed in terms of an incomplete elliptic integral of the
first kind F'(p, k) which is defined by

@ d9
F(p. k :/ R ——— 2.14
(o, k) 0 1 — k2sin® ( )

and the complete elliptic integral of the first kind K(k) which is defined as
K(k) = F(n/2,k) [54, 55]. (For example, see for the details of the elliptic
integrals [56].) Thus, the deflection angle « of the light ray is given by

Uy du
a = 2\/“—9/0 \/(u_u_)(u—u+)(u—“0)—7r

s du
= 2\/ug
“_(A_\Au#ugw—unw—u@

_ 0 du )—w
i V=) (0= ) (U — uo)

4,/ug ;
— ﬁ[K(AI) — F (p1,k1)] =, (2.15)
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[0 s
2t32

N|R

u(P)

N|R

Figure 2.3: The deflection of the light ray. The light ray which comes from
the direction ® = —a/2 — 7/2 is deflected at ® = 0 and goes away the
direction ® = /2 + 7/2.
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where
[uy —u_ V(ry —2m)(ry +6m) — 1y + 6m (2.16)
Up — U~ 24/(ry — 2m)(ry + 6m) '
and
—u._ -2 6m) — 2
1 = arcsin Y — arcsin Ve = 2m)(rs +6m) — 7 + m(2.17)
Uy — U \/ (ry = 2m)(ry + 6m) —r, +6m

In the strong field limit b — b., uy ~ uo = 2uy/3 and u_ — —u,/3 and
hence

. 1
(1 — arcsin \/; (2.19)
and
Vi — - = /T, (2.20)

Therefore, the deflection angle of the light ray in the strong field limit is

given by
) 1
a ~ 4 {K (k1) — F (arcsm \/;, kl)] -7

— log oo. (2.21)

This implies that the light ray winds around the black hole nearly on the
photon sphere in the strong field limit.
In the weak field approximation b > 7,4, from Eq. (2.15), the deflection
angle is given by [53, 55]
2rg

~ —=, 2.22
= (2.22)

2.3 Schwarzschild lens in the weak field

In this section we review the Schwarzschild lens under the weak field approx-
imation [3, 6]. This review in brief would help us to understand Sec. 4.1,
Sec. 4.2 and Sec. 6.2.
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In this case, the effective deflection angle is & = « or the winding number
of light is n = 0. Using by the deflection angle (2.22) and b = D,f, the lens
equation (2.1) becomes

6> —df—-1=0, (2.23)
where
B
= — = — 2.24
and
_ Dis 7y
0y = 2D$ Dy’ (2.25)

When an observer has a linear view of a source and a lens object or ¢ = 0, the
ring image which is called Einstein ring with the image angle 26, is formed
for the spherical symmetry. The solutions of the lens equation are

9i=%(q3:t\/q32+4>. (2.26)

So the separation of two images is given by

b, —0_ =1/ +4 (2.27)

The solutions have some relations which given by

0, +6. =g, (2.28)
0,.0_=-1, (2.29)
—0_<1<4,. (2.30)

If the source object is far away from the lens object on the source plain
¢ > 1, the image angles are

A 1
b, =¢+=, 6_=-=. (2.31)
¢ ¢
Then,
dd. 1 1., .
e A (2.32)

dp 27 2
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and the signed magnifications are

_bdh 1 1 6 Ve
\Virre 9

The signed magnification sum pg, + po— is always unity. The absolute values
of the magnifications are given by

1 3 \/ <52A+ 4\ 1

+ + = (2.34)

o] = =
P\ V@ +4 ¢ 2

The total magnification is obtained by

(2.33)

¢* +2
to = |po+| + lpo-| = ——
P\ P+ 4

Thus, the total image always is magnified. The ratio of the magnification is

2
|10+ | _ V4+¢2+¢

= . 2.36
|t4o- | A+ (2:39)

>1. (2.35)
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Chapter 3

Ellis spacetime

The Ellis spacetime was investigated as a geodesically complete particle
model by Ellis [57] and turned out to describe a wormhole connecting two
Minkowski spacetimes. The Ellis spacetime is a static, spherically symmetric,
asymptotically flat solution of the Einstein equation with a massless scalar
field with a wrong sign as a matter field. It is well known that such a matter
field violates energy conditions and it could represent the negative energy
density from quantum effects, such as the Casimir effect. This spacetime
is the simplest and earliest example of wormholes proposed by Morris and
Thorne [58, 59]. This is a traversable wormhole in the sense that an observer
can cross this wormhole in both directions.

In this chapter, we briefly review Morris-Thorne wormhole [58], the Ellis
spacetime [57] and the deflection angle in the Ellis spacetime [52, 60, 61].

3.1 Morris-Thorne wormhole

In this section, we will briefly review the Morris-Thorne wormhole [58]. The
line element of the static and spherically spacetime can be described by

dr?

B(r)
1- —

ds? = —e2A0) g2 4 + r2d©? + r?sin’ ©d®?, (3.1)

where B(r) and A(r) are arbitrary functions of r. If we set A(r) = 0 and
B(r) = a*/r, where a is a positive constant, the spacetime is the Ellis worm-
hole spacetime. We use a set of orthonormal basis vectors

e = e ‘e, (3.2)

€Er = 1-— —€;, (33)
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1

€y = ;69, (34)
1
€y = g€ (3.5)

The non-zero components of the Einstein tensor G, are

B/
Gi =3
B B\ A
fo=——3+2<1——)—,
T T r
o _ B , DBr—-B , no A Br—B
Gee—%—(l )(A ror—B " T T ey

From the symmetry, the non-zero components of the stress-energy tensor Tj;
are

Tif = [)(’f‘), Ty = _T(T)'« Téé = T(i)é) = p(r), (39)

where p(r) is the total density of mass-energy that static observers measure,
7(r) is the tension per unit area that they measure in the radial direction
and p(r) is the pressure that they measure in the directions orthogonal to
radial.

From the Einstein equations

Gﬂ,} = 8’/('1}3,,;7 (310)

the Einstein tensor (3.6)-(3.8) and the stress-energy tensor (3.9), we obtain
the equations

B' = 87Gr?p, (3.11)

, _ —8rGrri+ B
R (3.12)
= (p—T)A'—Qp_:T, (3.13)

or
B/

p= &nCr?’ (3.14)

B —2(r — B)rA’
= 8(7rG7"3 Jrd (3.15)

p= -;:[(p —A -7 -7 (3.16)



3.1. Morris-Thorne wormhole 25

We define a dimensionless function ¢ as

- —rB' —2(r — B)rA
T p:B rB (r )rA' (3.17)

¢
I r|B|

Embedding diagram is a useful tool to understand wormhole spacetimes.
We embed the two dimensional surface with the line element

dr?
1— B

T

ds® =

+ r2d®?, (3.18)

which is the line element (3.1) by setting ¢t = constant and © = 7 in the

Euclidean space. We introduce cylindrical coordinates z, » and ® and the
line element of the embedding space is described by
ds® = d2* + dr? + r?d®? (3.19)

The line element of the embedded two-dimensional surface can be described

ds®

dz
d 2d®?, 2
1+(dr)} r?+r (3.20)

where z = 2(r) is an embedding function. If we identify the coordinates r
and ® of Eq. (3.18) with the ones of Eq. (3.20), the embedding function z

should satisfy
1 / (3.21)
r—

Wormbholes must have a minimum radius r = By which is called the throat
of the wormhole. Since the embedded surface is vertical at the throat, from
Eq. (3.21), B = r. Thus, r = B = By at the throat. The inverse of the
embedding function r(z) have to satisfy

d>r B-rB

_— = — . .22

2~ a0 (3:22)
at or near the throat r = B = By to connect two asymptotically flat regions.
From Egs. (3.17) and (3.22), the dimensionless function ( is given by

_ 2B (d%«) _2(r— B)A

— | — 2
r 1B \d22 B (3.23)

We assume the energy density p is finite. From Eq. (3.11), B’ should be finite
and hence (7 — B)A’ must vanish at the throat. Therefore, the dimensionless
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function (g = {(r = B = By) is positive at the throat. From the definition
of the dimensionless function ¢, (See Eq. (3.17),) we realize that wormholes
need to be composed of an exotic matter with 7o = 7(r = B = By) > pg =
p(r = B = Bp). This implies that we need exotic matters near the wormhole
throat at least which violate the null energy condition T,,k*k” > 0, where
k* is an arbitrary, future-directed null vector.

However, if we consider gravitational theories with an adding term H,,
and the modified Einstein equations which are described by

G/w + Hpu = T,uu, (324)

the analysis for the Morris-Thorne wormhole only implies that the condition
(T — Hyuw) k#k” > 0 is violated near the throat. Thus, we does not always
need exotic matters violating the null energy condition for wormholes in this
case.

Formation of wormbholes

Various wormhole solutions have been found still now but the formation of
wormholes is still a open question. Recently, a simple analytic model of
wormhole formation from the initial data with a massless ghost scalar field
has been investigated by Maeda [70]. It may be important to note that a
curvature singularity appears when the wormhole is formed. Cosmological
wormholes which are formed from initial singularities also have been investi-
gated [71, 72, 73, 74].

3.2 Ellis spacetime in brief

In this section, we review the Ellis spacetime which is the simplest and earliest
solution of the Morris-Thorne class [57]. The line element of the static and
spherically symmetric spacetime is described by

ds? = —dt® + [dp — f(p)dt]* + r*(p)(d©? + sin® OdD?)
—(1 — f(p)*)dt® + dp?* — 2f(p)dtdp + 7*(p) (dO? + sin® ©dP?) , (3.25)
where 7(p) is non-negative and the range of the coordinate is given by —cc <

t<oo, —c0o<p<oo,0<O<7mand —7 < & < 7. The determinant g of
the metric tensor g,, is obtained by

g=—rtsin’©. (3.26)
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Ellis introduced the vector field w which is orthogonal to the hypersurface
t = constant

ut0, = =0, — f(p)0,. (3.27)
We use an orthonormal frame system {e,}
eo =u=—0 — f(p)0,, (3.28)
€e; = 8,,, (329)
1
€y = ma@, (330)
1
€3 = Wé@ (331)

The non-zero components of the Ricci curvature tensor R, are obtained by

Roo = —(’"Zf;f r_ Qr;f 5 (3.32)
Ro1 = QT:f , (3.33)
Ru = (Tzf;f V_ 2% (3.34)
Ry = Rug — 1- [TTI,Ezl — f2)]/_ (3.35)
We consider the Lagrangian described by
L=R', + Kx*"Xy, (3.36)

where K is the non-zero coupling constant and Yy is a scalar field which is
described by

x =), (3.37)

where v(p) is a non-constant, differentiable, real-valued function. From the
variational principle, we obtain

0=14 / V=9 (R* , + Kx*x,.) d'z. (3.38)

If K > 0, then r is convex while if K < 0, then r is concave [57]. We take
K > 0 to remove the Schwarzschild singularity and to make a throat and
we will set K = 2 with rescaling x. From Eq. (3.38), we get the Einstein
equations

1 1.
Ry, — §R>\ A = —2 (Xﬁ;u;\";u - EX'AX;/\Q#-V) (3.39)
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and the scalar wave equation

x*, =0. (3.40)
The Einstein equations (3.39) are also expressed by
Ry = —2X.uXow- (3.41)
The wave equation (3.40) yields
[ (f7-1)7]"=0. (3.42)

The (0 —0), (0 —1), (1 —1) and (2 — 2) components of the Einstein
equations (3.41) are obtained by

2 AY; "2
(T f2f) + 2T f — 2f2,y/2, (343)
T T
"
QTTf = 2f+2, (3.44)
2 (AY; 2 "
(r ,,];f) + % — 22 (3.45)

and

[P (- —1 _

> 0, (3.46)

respectively. The (3 — 3) component is equal to the (2 — 2) component for
the spherical symmetry. Equations (3.43)-(3.46) are equivalent to the three
equations

%” =", (3.47)
(*ff) =0, (3.48)
[rr'(1- 3] =1. (3.49)
We can integrate Egs. (3.48) and (3.49) and we get
r’(1— f?) =2m, (3.50)
() (1= ) =2p—m), (351)

where m is an integration constant and the zero point of p has been adjusted
to equalize two integration constants. From Egs. (3.50) and (3.51), it follows
that

r’(1—f?) = p"+C, (3.52)
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where C is an integration constant. From Egs. (3.42) and (3.52), we obtain

, 1 1
TTRO= T A

(3.53)

where [ is an integration constant. From Eqs. (3.51) and (3.52), we get

r p—m

and
™ C+m?
—_—=—_— 3.55
r (P4 C)? (3:55)
From Eqgs. (3.47), (3.53) and (3.55), it follows that
C=107-m’ (3.56)
Equations (3.53), (3.54) and (3.56) imply that
2
r(p) = '/)2 + 12— m2| exp [%(m] i (3.57)
Here we introduce a new coordinate T satisfying
fp)
dT = dt + ——-—dp. 3.58
1 — f2(p) (3:58)

The line element (3.25) is described by

dp?
1— f2(p)

From Eqgs. (3.52), (3.56) and (3.57), the line element (3.59) is expressed by

ds* = — [1— f2(p)] dT* + + r%(p) (d©® + sin® OdP?) . (3.59)

_2my(p)

ds® = sgn(p® + 12 — m?) {—e T dT? +e

2my(p)
7

[do* + (0 + 12 — m?) dQ?] } .(3.60)
where sgn(z) is a sign function defined by

sgn(z) = %' (3.61)
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In the following, we will make an analysis for case where [2 > m?. (See
Ellis [57] for the cases where 12 < m? and I? = m?.) To simplify the dis-
cussion, we assume that the integration constants m and [ are non-negative.

From Eqgs. (3.52), (3.53), (3.56) and (3.57), it follows that

l
/ s ———
fY(p)— [)2+a2’
r2(p) = (0 + a¥)e ™2,
o) =1- e,

and hence

L [m P
~v(p) = " [5 — arctan E] )

where a = v/[2 — m? and we have applied the boundary condition

lim xy = lim y(p) = 0.
p—ro0 p—r00
Under this boundary condition, v is everywhere positive.
The derivatives of f2(p) and r%(p) are given by
d(f*) 2m  _emy

= — e [}
dp p? +a?

and

d(r?) em(

2p — 2m),

dp

(3.62)

(3.63)
(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

respectively. Under the assumption m > 0 and [ > 0, f2(p) is monotonically
decreasing with respect to the coordinate p and changes from 1 — e 100

as p increases from —oo to co and 72 has a minimal value at p = m.

The asymptotic behavior is given by

w=remso()

2m 1
ﬂm=p+m+ogg

as p — oo and

r(p) = —€ (p+m)+0 (/1-)) ,

2 1 _2mw _ 2m i
fflpy=1—e (1 rm +0 7

(3.69)

(3.70)

(3.71)

(3.72)
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as p —» —oc. Equations (3.69) and (3.70) and the line element (3.59) imply
that the Ellis spacetime is asymptotic to Schwarzschild spacetime with the
mass parameter m as p — co. As p — —oc, from Eqgs. (3.71) and (3.72), the
line element (3.59) is asymptotic to

P o 2
ds? = — (1 | 2Zme ) d (%) + % +17 (dO? + sin® 649?) . (3.73)
T 1+ 2mea

This implies that the Ellis spacetime is asymptotic to Schwarzschild space-
time with the mass parameter —me“ as p — —oc.
The case m = 0, f(p) vanishes from Eq. (3.64). From Eq. (3.63), it
follows that
rPp)=p+at=p +1° (3.74)
and the line element (3.59) is obtained by
dr* = —dT + dp* + (p* + a?) (d©? + sin® ©dP?) . (3.75)

In this thesis, we will concentrate on the case m = 0 and we will name
the Ellis spacetime with m = 0 the Ellis wormhole spacetime tentatively.
Introducing R? = p? + a?, we can rewrite this into

2

-1
ds? = —dT? + (1 - %) dR? + R%O?, (3.76)

where R = %a corresponds to the wormhole throat.

Upper bound of the number density

It seems that wormholes cannot be bright unlike stars. Thus, gravitational
lensing is a useful tool to search wormholes. The Sloan Digital Sky Survey
Quasar Lens Search [62, 63, 64, 65] has the largest quasar lens sample in the
Sloan Digital Sky Survey [66]. There are 50,836 quasars with the redshift
z = 0.6 — 2.2 and the apparent magnitude brighter than ¢ = 19.1 and 19
lensed quasars are found. However, there is no lensed image by the unseen
lens objects including the Ellis wormhole. Recently, Takahashi and Asada
[51] presented the upper bound of the number density < 107*h3Mpc~2 of the
Ellis wormholes for a range of the throat radius 10! < a < 10*pc by using
the Sloan Digital Sky Survey Quasar Lens Search.

The femto-lensing by the gamma-ray bursts can constrain the abundance
of compact objects [67]. Yoo et al. [68] gave the upper bound of the number
density < 107°AU~3 of the Ellis wormholes with the throat ~ lem by data
of the Fermi Gamma-ray Burst Monitor [69].
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Instability

The Ellis wormhole is unstable with respect to unrestricted linear perturba-
tions of the metric and the scalar field [75] and Armendériz-Picén showed that
the Ellis wormbhole is stable with a restricted perturbation which is required
to vanish at the throat [76]. Nonlinear instabilities of the Ellis wormhole
were also investigated 77, 78, 79]. Needless to say, it does not imply that
stable wormholes do not exit. The stability of a phantom static wormhole
with thin shells for the linearized spherically symmetric perturbation was
found by Lobo [80]. Static wormholes are too simple and realistic wormholes
with the cosmological evolution should be described in dynamical situations
[71, 72, 73, 74, 81, 82, 83, 84]. Although the Ellis wormhole is unstable, we
will research the gravitational lensing effect by the Ellis wormhole because
of the simplicity of the gravitational lensing configuration in this thesis.

Other matters

Ellis wormhole geometry is obtained with a Kalb-Ramond axion [85] and
with tachyon matter and a positive cosmological constant [86] as a source.

Gravitational lensing

Chetouani and Clement derived the deflection angle of light in the Ellis worm-
hole spacetime and calculated the scattering cross-section [60]. Perlick in-
vestigated the gravitational lensing effects of the light ray through the Ellis
wormhole throat by using the full lens equation [33] and Nandi et al. [14]
applied the analysis of the strong field limit [28, 29, 30, 31].

It was pointed out that the qualitative features of gravitational lensing
in the Ellis wormhole spacetime are similar to the ones in the Schwarzschild
spacetime [14, 33, 87]. However, Abe showed that one can distinguish be-
tween the Ellis wormholes and mass lens objects with their light curves in
the weak field limit [88] (see Appendix B). The Ellis wormholes could be de-
tected with the astrometric image centroid trajectory in the weak field limit
[89].

Recently, Nakajima and Asada [61] recalculated the deflection angle of
light on the Ellis wormhole spacetime and proved that Dey and Sen [16]’s
calculation is only correct at the lowest order in the weak field limit, while
the conclusions by Abe [88] and Toki et al. [89] are still valid.
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3.3 Deflection angle in the Ellis wormhole space-
time

In this section, we review the deflection angle on the Ellis wormhole spacetime
(60, 61].

We can concentrate ourselves on the equatorial plane hecause of spherical
symmetry. The photon trajectory with the metric (3.76) is given by

1 (dR\* 1 a> v
- (Eq‘») = (1 - ﬁ> (1 _ ﬁ> , (3.77)

where b is the impact parameter of the photon.

We can see that the photon is scattered if |b| > a, while reaches the
throat if |b] < a. Since we are interested in the scattering problem, we
assume |b| > a. Using u = 1/R, we find

du : = l(1 —a?u?)(1 — b*u?) (3.78)

dd) b2 ' '
Putting

G(u) = a*(a™? —u?)(b72 — u?), (3.79)
the azimuthal angle ® can be given as a function of u by

b1 d
®==+ / i (3.80)
u G(u)

Here we have set ®(b~!) = 0. The deflection angle « is then calculated to

give
b1 d
o= 2/ A (3.81)
0

N

In the present case, we find

ddy

71 du _ /2 _ a
/0 \/m _/0 /1 B (%)2si1—]219 = K(3)>

where we have transformed u = b~'sind. Since K (k) admits a power series

(3.82)

o0 . 2
K(k) = g-go {Q’(;T)'l')ﬂ} = (3.83)
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where n!! denotes the double factorial of n and (—1)!! = 1. The deflection
angle is given by

a=2K (%) _— (3.84)

We get the deflection angle

o= WZ [ n2; '1' ”} (3>2ﬂ (3.85)

Thus, the deflection angle is approximately given in the weak-field regime

|b] > a by
T ra\?2

In general, the deflection angle is always greater than its weak-field approx-
imation and is diverging as |b| — a.



Chapter 4

Gravitational lenses in the
weak field

It is well known that the sum of signed magnifications is invariant in the weak
field limit for mass lens systems. If gravitational lenses of the exotic lens
object break the magnification invariance, the sum of signed magnifications
would be a powerful tool to detect exotic lens objects.

In this chapter, we will discuss the signed magnification sums of gen-
eral spherical lens models, including the singular isothermal sphere, the
Schwarzschild lens and the Ellis wormhole in the weak field approximation
[90].

4.1 The general spherical lens in the weak
field

It is well known that the sum of signed magnifications is invariant for mass
lens systems in the maximal-image domains. In this section, we will calcu-
late the signed magnification sum of the general spherical lens model and
we will number the real solutions of the lens equation because the signed
magnification sums are physical invariants only when all the solutions are
real [90].
We consider the general spherical lens model with the deflection angle,
parametrized by
a=3Cb" = :I:QQ_" (4.1)
Dp- '
where C is a positive constant, n is a non-negative integer, b is the impact
parameter of light rays emitted by a source and 6 is the image angle and we

35
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have used the relation b = D;§. If n is odd, then the sign is only the upper
one, while if n is even, then the sign is the upper one for § > 0 and the lower
one for # < 0. Thus, we have to treat two lens equations when n is even. This
lens model describes the singular isothermal sphere, the Schwarzschild lens
and the Ellis wormhole for n = 0, 1 and 2, respectively. The case wheren > 3
would describe some exotic lens objects and the gravitational lens effect of
modified gravitational theories. The following discussion in this chapter does
not depend on the value of C.
The lens equation is given by

g1 — ¢0" F1 =0, (4.2)
where
.0 .
0=— d =, 4.3
road 9= (43)
and
1
D), C \ 1
6y = 4.4
o= () (4.4
is the Einstein ring angle. We can concentrate ourselves on the case where
the source angle ¢ is positive for symmetry. The solutions 01,00, -, O,y of

the lens equation (4.2) of (n + 1)-th degree satisfy

[[6é-é)=o0. (4.5)

n+lA .
=1
and
éiéj = —61n, (47)
1<

where ;,, = 0 for n > 2 and ¢,;,, = 1 for n = 1. Using the both equations,
we obtain

n+1 n+1
(Z 0; ) =) 62— 2. (4.8)
i=1
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This implies

ntl A A
bidbi _ (4.9)
o ¢ do

Note that these solutions §; may be complex and not all the magnifications
are always physical and that Eq. (4.9) is satisfied regardless of the sign of
Eq. (4.2).

Now we will count the number of the images. We can express the lens
equation (4.2) as follows

i =6-4. (4.10)

In the following, we will make analysis for cases (i) where n is odd, (ii) where
n is even and positive and (iii) where n = 0, separately.

(i) n is odd.

In the case where n is odd, the lens equation is given by

PN ~

0" =0—¢. (4.11)

The solutions are given by the intersectionsof y = 1/2™ and y = T—o.
Figure 4.1 shows the left-hand side and the right-hand side of the lens
equation and the intersections for n = 1.

We find a positive solution 6, and a negative solution 0_ regardless
of the value for gb We also can see the positive solution 0, ~ & and
the negative solution O_ ~ 0 for ¢ > 1. We also can see that n = 1
is the only case where all the solutions of the lens equation are real
and the physical signed magnification sum is always unity. The lens
with n = 1 and C = 24 is the Schwarzschild lens. Thus, its signed
magnification sum is always unity.
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Figure 4.1: The solid (red) lines y = 1/x" and the broken (green) line y =
T — 0, respectively, correspond to the left-hand side and the right-hand side of
the lens equation (4.11) for n = 1 and ¢ = 0.5. The intersections correspond
to the real solutions of the lens equation. This figure is taken from [90].

(ii) n(> 2) is even.

We consider the case where n > 2 and is even. The lens equation is
obtained by

i() n = () — (,:). (4.12)

The solutions are given by intersections of y = 1/2" for x > 0 and
y=—1/z"forr<0and y =z — o. This gives a figure which is very
similar to Fig. 4.1 and we obtain a positive solution #, and a negative
solution #_ regardless of the value for ¢. The signed magnification
sum (4.9) i1s not a physical quantity because it includes one or more
non-real solutions in this case. The lens with n = 2 and C' = 7ma*/4
is the Ellis wormbhole.

(iii) n = 0.

For n = 0, the lens equation is given by

+1 =0 - ¢. (4.13)
The solutions are given by one or two intersections of y = 1 for
x>0and y=—1forx < 0 and y = x — ¢. Figure 4.2 shows the

left-hand side and the right-hand side of the lens equations and the
intersections.
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We obtain only one positive solution #, in the range ¢ > 1 while
we get a positive solution #, and a negative solution ¢ in the range
0<o<1.
In the range ¢ > 1. by a straight forward calculation, we get

0, (l(), 1
1+ —. (4.14)

(@] (l(') ()

In the range 0 < ¢ < 1. we obtain

()t (l(): 1 Kk
—_ =1+ —. (4.15)

(@] (l (0] o]

Therefore the signed magnification sum is 2 in this range.

Only in the case n = 0, the number of images is not always 2. The

singular isothermal sphere lens is given by setting n = 0 and (' =
mo?, where o is the velocity dispersion of particles.

3 v v . v v
y 48 g
I
- U p g
4 ;
-2 B K
-3 ol M “ " .
-4 -2 0 2 1
X
Figure 4.2: The solid (red) lines y = 1 for > 0 and y = —1 for x < 0 and

the broken (green) lines y = x — ¢, respectively, correspond to the left-hand
side and the right-hand side of the lens equation (4.13). We plot the lines in
the case ¢ = 0.5 and ¢ = 3. The one or two intersections correspond to the
real solutions of the lens equations. This figure is taken from [90|.

For ¢ > 0, the positive solution @, (¢) and the negative solution @ (¢) of
the lens equation (4.2) represent an outer image angle and an inner image
angle while #, (¢) and 6 _(¢) are an inner one and an outer one for ¢ < 0,
respectively. The positive solution ¢, monotonically increases as ¢ increases.
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The signed magnifications of the images in the weak field limit are given by

0-(¢) daf (9). (4.16)

Mo+ (¢) - @7 dd)

The lens equation (4.2) has symmetry with respect to the point (5 =0= 0,
so that

0-() = ~0,(~9) (4.17)
and
dé_ .. db,, .
—=(9) = —=(-9). (4.18)
d d¢
Thus, the relation of the magnifications is given by
o _0-(@)d_ o 0(=9)db. A
po—(9) = ———=(9) = ——=—=(=0) = po+(—9)- (4.19)
6 do —¢ df '
From the lens equation (4.2), we obtain
é2n+2
Yot = — = . (4.20)

(05 F 1)L £n)

For ¢ > 1, Eq. (4.20) implies that po, =~ 1 because 6, =~ é > 1, while
fo— < 1 because §_ < 1. In other words, if it is far from the alignment,
the positive image is as luminous as the unlensed image, while the negative
image is extremely faint. Thus, we can ignore the gravitational lensing effects
and the signed magnification sum g + o~ becomes almost unity for ¢ > 1
regardless of the values of n.

4.2 Directly aligned limit

In this section we will discuss the signed magnification sums of the general
spherical lens model for n 2 1 in the directly aligned limit (¢ ~ 0).

_ The positive image angle and magnification in the directly aligned limit
(¢ ~ 0) are given by

(4.21)
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and

. 1 144
Ho+(@) = 14+n J;@

: (4.22)

respectively. From the symmetry, we can easily obtain the negative image
angle and the signed magnification in the directly aligned limit

- 1, n
1+n 2(1+ n)?

& (4.23)

and

S (4.24)

respectively. Therefore the total magnification and the ratio of the magnifi-
cations in the directly aligned limit are given by

2 1

) = ‘Mo+ l+ ‘uo =3 (4.25)
and
uo+({5) 1+¢ (4.26)
0-(@)| 1-¢
respectively.

The difference of the reduced image angle in the directly aligned limit is
given by

A ~

0, —0_~2+

i n) ¢2 (4.27)

Thus, the Einstein ring angle is given by

(1+n)*(0+ —0-)
2(1 + n)? + ng?

(4.28)

12

in terms of 6, — 6_ and ¢.
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Chapter 5

Gravitational lenses in the
strong field limit

In this chapter, we will review and investigate gravitational lenses on the
spherically symmetric and static spacetime in the strong field limit. Grav-
itational lensing is on the strong field has been investigated eagerly for the
Schwarzschild black hole [21, 22, 23, 24, 27, 28, 30, 31, 55, 91, 92, 93, 94, 95],
the Kerr black hole [96, 97, 98], the Reissner-Nordstrom black hole [31, 91, 94,
95, 99|, the Gibbons-Maeda-Garfinkle-Horowitz-Strominger charged black
hole [100], Einstein-Born-Infeld black holes [94, 101], braneworld black holes
(47, 48, 102, 103], a static spherically symmetric spacetime of Brans-Dicke
scalar-tensor theory [104], naked singularities [23, 29|, the Janis-Newman-
Winicour solution [16, 31, 94, 95], the Barriola-Vilenkin monopole [33], and
wormbholes |14, 16, 33, 87| because it can give clues for verification of gravita-
tional theory in the strong filed. In Sec. 5.1, we review the magnification and
the radii of relativistic images in the strong field limit [30, 31|. In Sec. 5.2,
we review gravitational lensing in the strong field limit on the Schwarzschild
spacetime in brief [30, 31} and in Sec. 5.3, we investigate gravitational lensing
in the strong field limit on the Ellis wormhole spacetime.

5.1 Bozza’s analysis

We briefly review Bozza's analvsis of the magnification and the angles of

relativistic images [30, 31]. We consider that the deflection angle of the light
in the strong field limit is written by

0D, ’
a(f) = —alog o 1)+b+0(6D; —b,). (5.1)

)

e

43
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where b, is the critical impact parameter, a is a positive parameter and b
is a regular parameter. We will calculate the parameters @ and b for the
Schwarzschild lens and the Ellis wormhole in Sec. 5.2 and Sec 5.3, respec-

tively.
When the winding number n > 1, we define an angle 9221 by
a(02,) = 2mn. (5.2)
From Egs. (5.1) and (5.2), we obtain
bc b—27nn
0.1 = Dl(1+e ). (5.3)

We expand the deflection angle () around 6 = 6, to obtain the effective
deflection angle @ We define the small angle

Aenzl = anl - 9221, (54)

where 6,,>1 is the solution of the lens equation (2.1) with the winding number
n > 1. From Eqgs. (5.1) and (5.3), the effective deflection angle of the light
in the strong field limit is given by

Dy —stemn
(,_Y.=—El(_1,€ btf A0n>1 (55)

We substitute the effective deflection angle (5.5) into the lens equation
(2.1) and obtain
Dl _ =b+2wn Dls

¢—00>1+ (1+Ea6 a Ds

) Abps1. (5.6)

From Eqs. (5.6) and (5.4), We get the angles of the relativistic images 0,1

b 2mn

b e a D,
9;121 =~ 221 + = Dl — Dls ((b ) (57)

a

where we have used b./D; < 1.
The magnification u,>; of the relativistic image is obtained by

1B <1+e gm)es__gm D,
= ¢ D? a Dy,

~ 9n21 danZl
Hn2l =707 Tig

(5.8)

—g0
0n_>.1—9n21

The sum of the magnifications of all the relativistic images is given by

i 121D, ef . ;
Yot D ‘ 1<e%+1+ea) (5.9)
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and the sum of the magnifications of the relativistic images excluding the
outermost relativistic image is given by

0 121D, €55 [ a2 &
ZIL“ZE-D—?ED_LS;%__]_ (ea + e +eﬁ), (510)

From Egs. (5.10) and (5.8), the ratio of the magnification of the outermost
relativistic image divided by the sum of the magnification of the other rela-
tivistic images is given by

/1,1 ea — )(60 €a o

= ~ FEERETa— ~ea. (5.11)
n=2 Hn ea +e7 +ea

From Egs. (5.3) and (5.7), the innermost relativistic image angle is ob-
tained by

b
—po — ¢
0°°_9°°_D,'

From Egs. (5.3), (5.7) and (5.12), the difference of the angles between the
outermost relativistic image and innermost one is given by

(5.12)

b—2xn

01— Ooo = 09 — 0o = Ooe 7 . (5.13)

Here, we ignored the second term of the right-hand side of the Eq. (5.7).

5.2 Strong field limit in the Schwarzschild space-
time
In this section, we consider the strong field limit in the Schwarzschild space-

time [30, 31]. We use the trajectory equation of the photon (2.3) with the
metric tensor (2.2). From Eq. (2.13), the deflection angle « is given by

a=I(ry)—m, (5.14)
1 "
B =2 [ —3 (5.15)
L r2\/G(r, ) '

where 7, is the closest distance of the photon orbit and

Glr,ry) = — ( - T—g) +1 (—1 + 7;—9) . (5.16)

r



46 Chapter 5. Gravitational lenses in the strong field limit

Using

z=1-— %, (5.17)

The integral I(r,) is obtained by

1
I(ry) = 2/0 f(z,ry)dz, (5.18)
where
far) = —mm—
B~ Te PN
_ ! . (519

\/ — I (122 |14 2(1-2)]

We will divide the integral I(r,) into the divergent part Ip(ry) and the
regular part Ir(r,), or

I(ry) = Ip(ry) + Ir(ry)- (5.20)

The divergent part Ip(r,) is defined by

1
Ip(ry) = 2/ fo(z,ry)dz, (5.21)
0
where
. 1
Y O Py o el 522
where
31y
K(ry) =2 - P (5.23)
+
Blr,)=-1+ ﬁ. (5.24)
T+

The divergent part Ip(r,.) is calculated in a straight way and obtained by
K(r4) + 2B(rs) + 24/ (K(r+) + B(r+))B(r+)
w(re)

4 VB + /Rr) + By
= lo . 2
® ( w(ry) ) (5.25)

Ip(ry) = log
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Thus, the divergent part Ip(r.) in the strong field limit r, — 3r,/2 + 0 is
obtained by

2
Ip(ry) = —2log (;—*L - 1) +2log2+ 0 (7~+ - 3&) . (5.26)

Tq 2

From the relation between the impact parameter b and the closest distance
ry (2.12), it follows that

o, 1 ( % ) 1 (2)
log (7 — 1) = Zlog [ —=— — 1) + =log { 2. 5.97
g<3rg ) 2% \3v3r, 58 \3 (5.27)

Thus, the divergent part Ip(b) in the strong field limit b — @2 +01s
obtained hy

Ip(b) = —log (35% - 1> +log6 + O (b— 3\/57'9) . (5.28)

The regular part Ig(r, ) is defined by

1
() = [ gl (5.20)
0
where

9(z,m4) = Fl2,14) = folzms)- (5.30)

In the strong field limit r, — 37r,/2 + 0, the regular part Ir(r,) becomes

Ig(ry) 2/1( ! - dz+0(r 3”)
rR(r4) = — +
0 zﬁl—%z z 2

= 2log[6 (2-v3)]+0 (7"+ —?’2ﬁ> (5.31)

Thus, the deflection angle of the light on the Schwarzschild spacetime in
the strong field limit is obtained by

a@) = Ip+Ig—m

- 26D, 337y
— _log (3\/% — 1) +log [216 (7—4\/5)] 740 (BDZ -

)(5.32)
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where we have used the image angle § = b/D; and we get the parameters
a=1and b=log [216 (7 — 4v/3)] —m =~ —0.40.

The magnification of all the relativistic images on the Schwarzschild
spacetime is obtained by

> 127 (7,\> Dy 5.0r 127,/ D.\° ;.5
et [ s ZEhm o Dy . 5.33
;U @ 4 <D1> Dzse $16 ° \ Dy ¢ ( )

The ratio of the magnification of the weak field image divided by the sum of
the magnification of all the relativistic images is given by

42 (D\? /D,\? 161 /D.\?
Lo 1\ 2 s \ % or_} Is om—b
~ et === 1. (5.34
fo:lﬂn 27 (rg) <DS> ¢ 2798(D8) ¢ > 1 3)

Thus, we can ignore the effect of the relativistic images on the light curve in
the Schwarzschild spacetime. The ratio shows that the relativistic images are
always fainter than images in the weak field. However, this does not mean
that we cannot observe the relativistic images since they can get bright when
the source angle is small. We may measure the relativistic images of the
galactic black hole of our Galaxy (=~ 20uas) with interferometry instruments
which are now under development [105, 106, 107, 108].

The sum of the magnification of all the relativistic images become unity
when the source angle is

27 (1g > D, b2 _ 27 44 [ Ds ? b—2m
¢_ 4 (Dl) Dlse N 1690 -Dls ¢ . (535)

Note that the cross section of gravitational lensing with the galactic black
hole in our Galaxy is very tiny because the Einstein ring angle is 6, ~ 1075.

5.3 Strong field limit in the Ellis spacetime

The deflection angle of the light on the Ellis wormhole spacetime in the strong
field limit is given by

«(f) = —log (% - 1) +3log2 — 7w+ O(6D,; — a). (5.36)

Here, we have used the relation

4
lim K (k) = log " O(k”log k'), (5.37)
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where £/ = (1 — lsz)% and 0 < k < 1. Therefore, @ = 1 and b = 3log2 — 7.
The magnification of the all relativistic images on the Ellis wormhole
spacetime is obtained by

> 1 a 2 Ds b2 4 08 Ds 2 b—2m
Z/Jn >~ a (E) Dlse = ;—d—)- Dls € . (538)

n=1

The ratio of the magnification of the weak field image divided by the sum of
the magnification of the all relativistic images is given by

Lo N27r%&§ Dls»%zﬂ-_{,_ﬂ'l &3_2%4,

Thus, we can also ignore the effect of the relativistic images on the light
curve in the Ellis wormhole spacetime. The sum of the magnification of all
the relativistic iages become unity when the source angle is

2 2
~ a DS b—2r __ 4 3 DS b—27
¢~ (Dz) Dlse = 7r90 (Dls e’ . (5.40)

We notice that the cross section of the gravitational lensing in the strong
field limit is different from the one in the Schwarzschild spacetime.
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Chapter 6

Comparison of exotic lenses
and mass lenses

In this chapter, we will investigate two new methods to distinguish between
exotic matter objects and black holes with gravitational lenses. In Sec. 6.1,
we compare the Einstein ring and the relativistic Einstein rings in the Ellis
wormhole spacetime to the ones in the Schwarzschild spacetime and show
that we can distinguish between black holes and wormholes. In Sec. 6.2, we
show that we can distinguish between mass lenses and exotic matter objects
with their signed magnifications.

6.1 Comparison the Einstein ring systems

In this section we compare the Einstein ring and the relativistic Einstein rings
in the Ellis wormhole spacetime to the ones in the Schwarzschild spacetime
and show that we can distinguish between black holes and wormholes.

The Einstein ring and the relativistic Einstein ring images correspond to
the the solution 6, of the lens equation (2.1) with the winding number n for
vanishing source angle ¢ = (.

First, we consider the Einstein ring and the relativistic Einstein rings on
the Ellis wormhole spacetime. From the lens equation (2.1), the deflection
angle (3.84) and b = D0, we find that the ring image is given by

a 1

Tt 6.1
DI I‘An () :

where &, € (0,1) is a unique root of the transcendental equation

U

2K (k) l.' =(2n+ 1), (6.2)
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where n = D,a/ (DiD;;) and k = a/b.

We should note that 2K (k) —n/k is monotonically increasing with respect
to k and changes from —oc to 0o as k increases from 0 to 1. The uniqueness
of the root follows from the monotonicity. Moreover, we can conclude that
k, monotonically increases and approaches 1 as n — oo and hence the image
angle ¢, monotonically decreases and approaches a/D;.

In the weak-field regime |b| > a, the winding number n should be n = 0.
Using the deflection angle (3.86), we can solve the transcendental equation
(6.2) approximately and get the diameter angle of the Einstein ring

i Dls 2 %
b = (4DSD,2“)

1 1 2 2
D;s \? (20Mpc\ 3 /10Mpc\?3 a 3
~ 2. . (6.
0 arcseconds (10Mpc> ( D. ) ( D, ) (O.Spc) (6.3)

This approximation is good for D; > a and D;; > a. The relative error is
~ 102 for a = 0.5pc and D; = Dy, = 10 Mpc.

In the especially strong-field regime, where the winding number n be-
comes 7 > 1, we can easily check that a ~ b or k, ~ 1 satisfies the transcen-
dental equation (6.2) in numerical calculations. Physically this means that
the light rays which wind around the wormhole nearly on the photon sphere
make the relativistic Einstein rings [31, 33]. Then the diameter angles of the
relativistic Einstein rings are approximately given by

2

a
enzl — Bl-
~ 1.0 x 10~2 arcseconds (log/llpc> <0.;pc> . (6.4)

Regardless of the values of Dy, D; and a, the relative error of the above
approximation to the direct numerical solution of the outermost relativistic
Einstein ring (n = 1) is ~ 1073 and those of the other relativistic Einstein
rings (n > 2) are smaller than 1075, This implies that it is difficult to resolve
each relativistic Einstein ring separately.

Thus, we conclude that there are one Einstein ring image and countably
infinite relativistic Einstein ring images, the latter of which accumulate to
form the apparently single ring image of the throat with the diameter a/D;.
This conclusion does not depend on the value of 7.

If we are given the distance D, to the source from the observer, the
distance D, to the lens from the observer and the radius 6, of the Einstein
ring, we can determine the radius of the throat a from Eq. (6.3). Then, we
can use 6,>; (6.4) to test the assumption that the lens object is a wormbhole.
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From Egs. (6.3) and (6.4) we obtain the relation between §y and 6,,>; by

1
4 Dy \? 3
Onz1 = (;Dls> 05 - (6.5)

This relation generally holds in astrophysical situations, as long as a < D;
and a < D, are satisfied.

Second, we consider the Einstein ring and the relativistic Einstein rings
on the Schwarzschild spacetime.

In the weak-field regime b > r,, the winding number n should vanish
and the deflection angle is given by a ~ 2r,/b. See Eq. (2.22). From the
deflection angle (2.22) and the lens equation (2.1), the diameter angle of the
Einstein ring is given by

Op ~ 2Dls
°© = \'DD,"

1 1 1 1
D, \? M 2 (10Mpc\? /20Mpc\ 2
~ 2.0 arcseconds (10Mpc> (1010]\4@) ( D, ) ( D. ) (6.6)

We can determine 7, in the same way as the radius of the throat a.

In the especially strong-field regime, where the winding number n be-
comes n > 1, the impact parameter b that satisfies the lens equation should
be nearly the critical impact parameter b. = (3v/3/2)r, (see [28, 30, 31]).
Then the diameter angles of the inseparable relativistic Einstein rings 6,4
are given by

0 3vV31y
M 10Mpc
~ -5 40
~ 5.1 x 107 arcseconds (10101\1@) < D, ) . (6.7)

Regardless of the values of Dy, D; and rg, the relative error of the above
approximation to the direct numerical solution of the outermost relativistic
Einstein ring (n = 1) is ~ 10~® and those of the other relativistic Einstein
rings (n > 2) are smaller than 1075.

It is useful to remember that the leading term of the deflection angle in
the weak-field regime is the second order of the small amount a/b on the Ellis
wormhole geometry (3.86), while it is the first order of the small amount r,/b
on the Schwarzschild geometry (2.22). So the relation between 6, and 6,
for the Schwarzschild spacetime

N3\/§Ds

Oy =

02 (6.8)

4 Dls




54 Chapter 6. Comparison of exotic lenses and mass lenses

is different from that on the Ellis wormhole spacetime (6.5). Figure 6.1 shows
the angle of the relativistic Einstein ring #,, | versus the angle of the Einstein
ring 0, for D; = D;, = 10Mpc. Thus, we can distinguish between black holes
and wormholes in principle if we are given D,/ D;. 0, and 0,, ;.

]

10°° p E

10-* }

»

B, [arcsecond|

Wormhole
Black hole

10 4 B

10-° 1004 10 1072 10! 10" 10!
U“.Hl'l'.\l‘q‘nlhl]

Figure 6.1: The angle of the relativistic Einstein ring #,, ., versus the angle
of the Einstein ring 6, for D; = D;, = 10Mpc. The broken (green) and solid
(red) lines plot the cases where the lens objects are a wormhole and a black
hole, respectively. This figure is taken from [52|.

6.2 Comparison of the signed magnification
sums

In this section. we show that we can distinguish between mass lenses and
exotic matter objects with their signed magnifications.

Figure 6.2 shows that one can distinguish the general spherical lens models
with their signed magnification sums jio, + 1o which are less than unity. We
also can see that one can distinguish the general spherical lens with n = 1
from n = 2, 3 and 4 but one cannot distinguish between n = 2, 3 and 4 for
o =22

Note that we have to know the unlensed lnminosity to calculate the signed
magnification sum pg, + po . 1f \\'v_nl)svr\'v a double lensed image with
¢ 2 2 and the unlensed image with ¢ > 1, we can obtain the the signed
magnification sum iy, + f1o . We also can see that one can distinguish n = 1



(B
o

6.2. Comparison of the signed magnification sums

‘ v -l -, v " s
N=]  ——
n=2
1.5 b D=3 ceccssccssnsee ]
n=4
r l ek 18 oS T
P T
().J 4 |
0 ~ " . a o
0 ] 2 3 | 5 6

Figure 6.2: The signed magnification sums of some general spherical lens
models. The solid, broken, dot and dot-dashed lines are the general spherical
lens models for n = 1, 2, 3 and 4, respectively. This shows that the signed
magnification sums is a useful tool to detect the exotic objects with n > 1.
This figure is taken from [90].

from n = 2, 3 and 4 but one cannot distinguish between n = 2. 3 and 4 for
¢ 2 2. The minimum value of the signed magnification sums is given by,
from Egs. (4.22) and (4.24),

2

l“}(l) <““' ((':)) T Ho (('2))> “1+n 192)

The lower bound of the total magnification g is given by
2

1+n

< oy + po- < |pos| + |po-| = po. (6.10)

Therefore, gravitational lensing necessarily gives amplified light curves for
n = 1, while it does not necessarily for n > 1 (see Appendix B for microlens-
ing).

For n = 0 these analyses are not valid in the region 1 < ¢ because of the
non-existence of the negative image angle ¢  as discussed in the chapter 4.
However, it is valid in the region 0 < 6 < 1. For 1 < ¢, the magnification is

1 < oy (¢) < 2. (6.11)

and the total magnification g, () + o (¢) is always 2 in the range 0 < ¢ <
1. So one can also distinguish the case n = 0 from the other cases.
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Chapter 7

Discussion and Conclusion

Einstein ring systems

It is understood that the qualitative features of the gravitational lensing on
the Ellis wormhole spacetime are very similar to the ones on the Schwarzschild
spacetime for their photon spheres and their asvmptotic flatness [14, 33, 87|.
However, we realize that their quantitative features are very different due to
their different weak-field behaviors.

We consider the experimental situation where we know the separation
D, between the observer and the source and the separation D; between the
observer and the lens. We assume that we do not know whether the lens
object is a black bole or a wormhole and do not its parameter, i.e., the mass
M or the radius a of the throat in advance.

We need at least two observable quantities to determine whether the lens
object is a black hole or wormhole since the lens system has one parameter
in this situation. First, we observe an Einstein ring and determine the pa-
rameter for both possibilities. Second, we observe relativistic Einstein rings
and tell the wormhole from the black hole. If the predicted relativistic ring
angles by the black hole and by the wormhole were of similar size, we could
not discern the difference. However, Eqs. (6.5) and (6.8) and Fig. 6.1 show
that we do not confuse them.

We conclude that we can detect the relativistic Einstein rings by worm-
holes which have a ~ 0.5pc at a galactic center with the distance D, =
D, = 10Mpc and which have a ~ 10AU in our galaxy with the distance
D, = D, = 10kpc using the most powerful modern instruments which have
the resolution of 10 2arcseconds such as a 10-meter optical-infrared telescope.
Note that the corresponding black holes which have the Einstein rings of the
same size are galactic supermassive black holes with 10'"A7. and 107M .,
respectively, and that the relativistic Einstein rings by these black holes are

a7
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too small to measure with the current technology.

In fact, our results imply that we can distinguish between slowly rotating
Kerr-Newman black holes and the Ellis wormholes with their Einstein ring
systems. This is because the leading term of the deflection angle for the
lensing by the Kerr-Newman black holes in the weak-field regime is equal
to the one for the lensing by the Schwarzschild black holes, while the black
hole charge and small spin only slightly change the radii of the relativistic
Einstein rings [31, 96, 99, 109, 110]. Moreover, this also suggests that it is
much more challenging to determine the charge and/or small spin of black
holes than to distinguish between black holes and the Ellis wormholes.

We assumed that the observer, the lensing object and the source object
are directly-aligned, though such a configuration is fairly rare. In general the
strong gravitational lensing effect is observed as broken-ring images which are
called relativistic images [28]. Therefore, more realistic problem is to size the
relativistic images. Our result suggests that we can distinguish black holes
and wormholes by using the relativistic images. To observe the relativistic
images is one of the challenging works with many difficulties. Bozza et al.
pointed out that relativistic images are always very faint with respect to the
weak field images [30]. The Very Large Telescope Interferometer (VLTI) has
high resolution [111, 112] but it will not work because of this demagnifying
effect.

We also assumed point-like sources, although astrophysical sources have
their own size. If the source object is a galaxy, it may conceal the relativistic
Einstein rings, especially, in the case where the lens object is a black hole.
Testing some hypotheses of astrophysical wormholes by using the relativistic
Einstein rings and the Einstein ring is left as future work.

Tejeiro and Larranaga [87] investigated the gravitational lensing effect of
the wormhole solution obtained by connecting the Ellis wormhole solution
as an interior region and the Schwarzschild solution as an exterior region
[113]. They concluded that we cannot distinguish the Schwarzschild black
hole and the wormhole unless the discontinuity of the magnification curve at
the boundary is observed. This does not contradict our results because their
wormbhole solution behaves as the Schwarzschild solution in the weak-field
regime.

Signed magnification sums

It is well known that the signed magnification sum of the Schwarzschild lens
is always unity in the weak field limit. We realize that one can distinguish
the exotic lenses with the parameter n > 1 of the general spherical lens such
as Ellis wormhole from mass lens systems because the signed magnification
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sums of exotic lenses are less than unity.

The signed magnification sum is a powerful tool to find exotic lens objects
because it only depends on the reduced source angle é and n and we just
have to observe the images for (i < 1 and for (;AS > 1 to determine the
signed magnification sum. However, we need a high resolution to observe the
double images. We would also distinguish the lens objects with the ratio of
magnifications of the double images and the total magnification. If we also
measure the difference 6, — 6_ of the image angles, one can determine the
Einstein ring angle 6, and the source angle ¢ = 6.

Observing double lensed images is a practical idea to search the exotic
lenses. Over than a hundred strong lensing including many double images
have been found so far [49]. Future surveys by Pan-Starrs [114], Dark Energy
Survey [115], Subaru Hyper Suprime-Cam [116] and Large Synoptic Survey
Telescope [50] will find more multiple images of lensed quasars. These surveys
will give the stricter upper bound of the number density for wormholes or
detect wormholes.

The method to detect the Ellis wormholes and other exotic lenses by
observing the light curves with the characteristic demagnification by Abe
[88] and Kitamura et al. [117]. Notice that the method to distinguish the
lens objects with the signed magnification sums would be used in both the
magnification and demagnification phases. Thus, we do not have to rely
on only the demagnification to detect the Ellis wormholes and other exotic
lenses.

Our method with the signed magnification sums is complementary to the
methods to detect exotic lens objects with the light curves [88, 117] and the
astrometric image centroid displacements [89)].

In this thesis, we only consider gravitational lensing effects of the sim-
plest wormhole. Analyses of gravitational lensing effects by most wormhole
solutions which have been found thus far are left as future works.
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Appendix A

Magnification in the
Reissner-Nordstrom spacetime

In this appendix, we consider the Reissner-Nordstrom Black hole which is a
black hole solution with the electrical charge.[99. 109, 118] The line element
of the Reissner-Nordstrom spacetime is given by

, 21 i - oM Q@\' .,
ds®* = -— (l - J - g) dt® + <l - - L,) dr®
r re r re

+r?(sin® Odd? + dO?). (A.1)

We consider the weak field approximation. If the amount of the charge is
small Q/M < 1, the metric is given by, in the quasi-Minkowskian coordinates

t and X,
9 2 9 2
it n 1B 5 L YA )
X SAEY a.
2M I OF\ 38" y
+ 14+ —+(1--=-—= 1 X*. N2
{ X < ;y\2> 1¥f}' (A-2)
The deflection angle « in the weak field limit is given by
AM 3«7 'y M
= e R A.3
atvel s i <’ Jlf>luh| e

where b is the impact parameter of the photon. The signed magnifications

Jlo+ are given by

-

/ \[[)\ r,)z - B '_)
- (A.4)

1
pn K A < = T) | 7T T

&( JV 4,""' + 4
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We see that we cannot detect the effect of the electrical charge with mi-

crolensing at O(M?/b?) of the deflection angle « because of the cancelling
[118].



Appendix B

Microlensing

In this appendix, we will review the microlensing of exotic lenses in brief
(88. 117, 119]. We consider the situation that a lens object exists in our
galaxy and a source goes across near the lens object on the lens plane. We
define the smallest source angle as 3,. Figure B.1 shows the source trajectory
with Ay >~ 0.46, on the lens plane.

0o
Source
O/. :
¢

Lens

Figure B.1: A source trajectory on a lens plane with the smallest source
angle 3, ~ 0.40,. The large circle expresses the Einstein ring angle.

Figure B.2 shows the light curves of the microlensing for the mass lens
and the Ellis wormhole [88]. We realize that the Ellis wormhole lens shows
the characteristic demagnification and the light curves is useful tool to detect
the Ellis wormholes.

Figure B.3 shows the light curves for the general spherical lens with the
reduced smallest source angle 8, = 3,/0, = 0.1 [117]. We can determine n
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from the characteristic dips.
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Figure B.2: The light curves for the 8, = 0.260, (top left). 3, = 0.5, (top
right). Ay = 1.06y (bottom left) and £, = 1.56, (bottom right). The thin
(green) lines and the thick (red) lines, respectively, correspond to the mass
lens and the Ellis wormhole lens. These figures are taken from [88].
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Figure B.3: The light curves for the general spherical lens with n = 1 (top
left), n = 2 (top right), n = 3 (bottom left) and n = 10 (bottom right) for
the reduced smallest source angle By = By/60y = 0.1. These figures are taken
from [117].
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Appendix C

Bozza’s analysis for the Ellis
wormbhole

Bozza calculated the deflection angle of the light on the static and spheri-
cal black holes spacetime with asymptotic flatness in the strong field limit
and showed that some observable physical quantities are determined by the
deflection angle in the strong field limit [31].

However, Bozza's calculation of the deflection angle of the light cannot
directly be applied to the Ellis wormhole because Bozza's calculation does
not work the ultra static coordinate. Nandi, Zhang and Zakharov might have
used Bozza's calculation and get a wrong deflection angle in the strong field
limit [14]. Their mistake affects measurable physical quantities such as the
difference of the angles between outermost relativistic image and innermost
one (5.13) and the ratio of the magnification of the outermost relativistic
image divided by the sum of the magnification of the other relativistic images
(5:11).

In this appendix, we will recalculate the deflection angle in the strong field
limit in the Ellis wormhole spacetime on a similar way to Bozza's analysis.

The deflection angle « is then calculated to give

a=I(b)—m, (C.1)
where 24
A du
I(b) =2 i (©.2)
Jo W/ G(u)
and
G(u) = a*(a2 — v?)(d2 — u?) (C:3)

We transform




68 Appendix C. Bozza’s analysis for the Ellis wormhole

and then X
I(k) = /0 f(z, k)dz, (C.5)
where e o)
2 )
and 5
f(z,k) (C.7)

- V201 — k%) z + (=1 + 5k2)2? — 4k228 + k224
We divide I(k) into the divergent part Ip(k) and the regular part Ir(k), or

I(k) = ID(IC) + ]R(k) (CS)

The divergent part Ip(k) is defined by

ID(k‘)E/O fo(z, k)dz, (C.9)

where
2

f0(27 ]“) - \/mz-:
k(k) = 2(1 — k%) and B(k) = —1 + 5k
(k) is always positive in the scattering case (0 < k < 1). B(k) is negative
for 0 < k < 1/v/5, zero for k = 1/+/5 and positive for 1/v/5 < k < 1. Now
we can concentrate in a strong field case (1/v/5 < k < 1) where (k) should
be positive because we will consider the strong field limit (k — 1). When
both (k) and B(k) are positive, the divergent part Ip(k) can be calculated
131],

(C.10)

A g YPEVELE
VB VK

4 V=1 + 5k2 + /1 + 3k2
Vs A N s T

Ip(k) =

(C.11)
k(k) and B(k) in the strong field limit yield,

lim x(k) =0, (C.12)

k—1

lim (k) = 4. (C.13)

k—1
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So, the divergent part Ip(k) in the strong field limit is obtained by

Ip(k) = —log(l —k)+2log2+ Ok — 1) (C.14)
The regular part Ir(k) is defined by
1
Ir(k) = / g(z,k)dz, (C.15)
0
where
g(z, k) = f(z,k) — fo(z, k). (C.16)

We can expand Ig(k) in powers of (k — 1),

L) =3 k-1 /01 ng o (C.17)
Now, " B
folz.1) = = (C.18)
flz.1) = 2(22_ = (C.19)
9(z,1) = [f(z,1) = fo(z,1)
- 5 ! - (C.20)

So, the regular part Ir(k) is

Ir(k) = /0 g9(z,1)dz+ O(k — 1)

' dz
= /0 2—z+0(k_ 1)
= log2+ O(k - 1). (C.21)

Thus, the deflection angle of the light on the Ellis wormhole spacetime in
the strong field limit is obtained by

alk) = Ip(k)+Ir(k)—7
—log(l — k) +3log2 — 7+ O(k — 1).
(C.22)
Since b ~ 6D,

a(f) = —log (% - 1) +3log2 -7+ Ok - 1).
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