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0. INTRODUCTION

In this paper we combine ideas of Soulé [23] and Deninger [5, 6] to prove a p-adic
analogue of Beilinson’s conjectures for motives associated to Hecke characters of
imaginary quadratic fields.

Let E be an elliptic curve defined over an imaginary quadratic field K with
complex multiplication by the ring of integers of K. In [23], Soulé proved the
following theorem:

Let p be a prime which splits in K and [ > 0 such that p — 1 divides neither [,
[+1 nor [4+2. Then there exists a Z,-submodule V; C K4 2(F, Z,) and a regulator
map 7 : Koyo(E, Zp) — Zf,, such that the index of r;(V}) in Zf) equals n;, where n;
is the p-adic valuation of the value at s = —[ of a p-adic L-series analog to L(E, s).

On the other hand let ¢ be a Hecke character of an imaginary quadratic field
K of positive weight w. Then Deninger constructed a motive M in Mg(K), the
category of Chow motives over K with coefficients in Q, such that the L-series of M
coincides with the L-series of ¢. The motive M arises naturally as a factor of the
Grothendieck restriction R g/ i (h1 (E))®" for a CM-elliptic curve E of Shimura type
over a finite extension F' of K. Then he proved parts of the Beilinson conjectures for
M, i.e. he related the leading coefficient of L(M, —I) to a map from HXH(M7 QU+

w+1)) = K21+w+1(M)8+w+1) to Deligne cohomology.

Here we combine the ideas of both papers to prove a generalization of Soulé’s
theorem for motives M attached to Hecke characters of infinity type (a,b) and
weight w = a + b > 0 in the category Mgz (K) of Chow motives over K with
coefficients in Z,. More precisely, we first prove a Grothendieck-Riemann-Roch
theorem for K-groups with coefficients K,(X,Z/p") and p big enough relative to
dim X. Then we show that the functors K,(—,Z/p")® factor through Mz, , and
finally we prove the following theorem:

Theorem 0.1. Let ! >0 and p > (3[F : K|+ 1)w + 20 + 1 be a prime split in the
imaginary quadratic field K, a+1> 0 and b+1 > 0. Then there exists a submodule
V C Koppwi1 (Mg, Z,) ) such that the length as an Og-module of the cokernel
of the requlator R|y restricted to V equals the valuation of the p-adic L-function

Glpar' ur ™ = Luy?t —1).

The p-adic L-series here is a p-adic analogue of L(p, —1).

As a corollary we reprove Soulé’s theorem, generalized to elliptic curves of
Shimura type over any field F//K and with the precise description of the Adams
eigenspaces which are involved.
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Theorem 0.2. Let E be an elliptic curve over F with complexr multiplication by
K and CM-character ¢ of Shimura type. If 1 > 0 and p > 3[F : K]+ 2l + 2, then
there exists a submodule V C K21+2(h1(E),Zp)(l+2) C Ko42(E,Zy) such that the
index of the requlator map R|y restricted to V equals the the p-adic valuation of

HG((pkﬁlvul_l_l - 13“2_l - I)G(@Aﬂlaul_l - L u2_1_l - 1)
A

The product runs over all Cp-valued characters arising from ¢ inducing p on K.

The product of the p-adic L-series is a p-adic analogue of
L(E,—1) = [[ L(¢e, =) - L(ge, 1)

where e runs over the grossencharacters arising from the elliptic curve.

We now give a more detailed description of the content of this paper.

First we recall some facts about algebraic and étale K-theory and prove some
theorems of K-theory which are well known after tensoring with Q, by just inverting
a bounded number of primes (for example the existence of an Adams eigenspace
decomposition or the Grothendieck-Riemann-Roch theorem).

This suffices to show that the functors K, (X,Z/p"™)® factor through the cate-
gory of Chow motives Mz, (K), at least if p is big enough. This implies that the
functors K&(X,Z/p")®) and HE (X, Z/p"(i)) also factor through Mz, (K).

Next we recall some properties of Hecke characters and of the extension F(E,~)/K,
where F'(E,e) is the field generated by the p-power torsion of a CM-elliptic curve.

We construct motives M in Mz, (K) for Hecke characters of the imaginary qua-
dratic field K of positive weight. This is done following Deninger [6]: take an
elliptic curve over a field F/K with complex multiplication by K, consider the
w-fold tensor product of the Grothendieck restriction Rp/xhi(E) and decompose
it by idempotents of its endomorphism algebra. Then every Hecke character of
positive weight w arises in this fashion.

The quotient U/C of local units modulo elliptic units plays a vital role in the
proof of the main theorem, and we have to modify some results of de Shalit [19] to
the two variable situation.

We follow ideas of Soulé [23] in constructing special elements in the p-adic K-
groups Ko pyi1(M,Z/p™)wH+D),

We then define the p-adic regulator map for p-adic K-theory, again following
Soulé. We make the crucial observation that in the local situation (i.e. after
tensoring our motive with K, for a prime p dividing the split prime p) the map
constructing elements composed with the regulator map is an isomorphism (up to
some special cases).

Finally the main theorem is proven and specialized to elliptic curves (i.e. w = 1).
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0.2. Conventions. All schemes are supposed to be of finite type over a field k, in
particular we mean ”smooth over k” whenever we talk about smooth schemes.

For a scheme X over k we denote by X = X x; k the base extension to the
algebraic closure k of k.

For an abelian group A we denote by ,, A the n-torsion elements of A.

If the scheme X is regular and separated, we identify the K and K’-groups of
X.

The groups H%(X, F) always denote étale cohomology groups.

1. K-GROUPS

1.1. Higher K-groups. For a scheme X let BQP be the classifying space to the
Quillen category QP of the category P of locally free Ox-modules. Similarly,
let BQM be the same construction applied to the category M of coherent Ox-
modules. Then one defines the algebraic K-groups to be

K,(X) = ma41(BQP(X)), K.(X,Z/n) = 1a11(BQP(X),Z/n);
Ky (X) =11 (BQM(X)),  Ki(X,Z/n) = map1(BQM(X), Z/n);
Here the homotopy groups with coefficients are given by maps M — BQP(X)

up to homotopy, where M is the Moore space mod n [4]. For a > 2 the cofibration
M2 — S % S% gives rise to the universal coefficient sequence

0— Ka_1(X)/7’L — Ka_1(X,Z/n) — nKa_Q(X) — 0.
We define K-groups with Z,-coefficients to be
K, X,Z,) :=limK,(X,Z/p").
+—

This does not agree with the usual definition K, (X )2 as the homotopy groups of

the p-completed K-spectrum [3, I 4], but there is an exact sequence [3]
0 — liinlana(X) = Ko(X)y = lim Ko (X, Z/p") — 0.

Many properties of K-groups are given by properties of the spaces BQP and
fibration sequences of these as given in [17]. In particular K-groups are contravari-
antly functorial and via the identification K,(X) = K/ (X) covariantly functorial
for proper maps of regular quasiprojective schemes.

A different construction of K-groups is Quillen’s +-construction,

Ko(A) = m.(BGL(A)Y),  Ka(A,Z/n) = no(BGL(A)*, Z/n).

On these groups one can define a A-algebra structure (see [14]). The universal co-
efficient sequence is (by naturality of A\¥) a sequence of A\-morphisms. There are
various ways to extend the +4-construction from rings to schemes, see for exam-
ple [22] where the above construction is sheafified for regular, noetherian schemes
of finite dimension. This gives us the structure of a Ky-A-algebra on K,(X) and
K. (X,Z/n) with locally nilpotent ~-filtration. Since Moore spaces exist only for
a > 2, one cannot define a A-ring structure on K;(X,Z/n) via the 4+-construction.
However, by a construction of Grayson [12], we know that there exist Adams op-
erators on the @-construction which agree with the ones defined via the A-ring
structure above.
In [15] Loday constructs a cup product

Ut Ka(A) x Ky(A) = Koip(A).
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For K-groups with coefficients we use the pairing BQ V BQ — BQ? of Waldhausen
[26, par. 9] and the map M2*t® — M2 A MP of Browder [4] to construct a cup
product. For a > 2 this agrees with Loday’s product induced by the pairing of
BGL™(A), see the discussion in [20, IT 2.1].

The following lemma from linear algebra allows us to prove that K-theory with
coefficients is the direct sum of its Adams eigenspaces under certain hypothesis:

Lemma 1.1. Let M be an abelian group with descending filtration F° such that
FeM = M and F**'M = 0 for some natural numbers a and b. Let k € Z such that
k and 1 — k' act invertibly on M fori=1,....b—a and let * be an operator on
M commuting with the filtration such that Y* acts like k9 on the q-th graded piece.
Define

M = {z e My*(z) = kz}.
Then the M9 split the filtration, i.e.

Fi)M = @ M@,

q<i<b

Furthermore if 17 is an operator commuting with s and acting like j9 on the q-th
graded piece, then 7 acts like §9 on M9 . If j and 1 —j* act also invertibly on M,
then M9 = {z € M|y (x) = jix}.

Proof: Clearly MU) 0 M® = 0 for j # I, and one sees with induction on the
number of summands that the sums occurring are direct.

Let 2 € M@ and suppose & € F/M for some a < j < q. Then kiz = ¢*(z) =
kiz mod FI*IM, so (k9 — ki)x € FI*IM and z € F/T'M. By induction we get
M@ C FIM and thus ©,<;<p M C FIM.

To show the opposite inclusion we use descending induction on g¢:

Assume FIHM = @, 1<i<p M@ (this is true for ¢ = b) and let 2 € F9M. Then
YF(z) = kix + 2’ with 2’ € FIYYM, 2’ = x,41 + -+ + x3, where x; € M), Define

Aj = 557, then —k9)X; =1 — k7); and we obtain for & =z — E?—:qﬂ

)\jl’j:
b b b
PR@E) == YD Ny =R+ > (=KX = ke Y kO = k.
Jj=q+1 Jj=q+1 Jj=q+1
Thus z = 2 + Z?:q-‘,—l ANz € By<jcpM ),

Because 1% 097 = 17 0 ¥ we have ¢7 (MD) C M@, For x € M9 we have by
assumption ¢/ (z) = j%z + 2’ € M@ where 2’ € FIT'M. So ¢/ (x) — j9z = 2’ €
M@ N FIIM =0 and we get 97 (x) = j9, thus proving M9 C {x € M|/ (z) =
j9z}. If j satisfies the condition on invertibility, then by symmetry the sets M (@)
defined with k£ and j are equal. O

Remark: 1) If M is a Z/p-vector space, we have M@ = Matr=1) 5o we clearly
need some condition on k& which implies p — 1 > b — a. On the other hand, if M is
a Zpy-module and p —1 > b — a, we can take k to be a primitive root of unity mod
p.

2) In the special case of Adams operators on a nilpotent y-algebra M, we say
that M has an Adams eigenspace decomposition, if M = @M@ where M (9 is the
k9-eigenspace of 1% for some k as in the lemma. For j # k, the operator ¢/ acts
like j7 on M (@ but the jo%-eigenspace of ¥/ may be bigger than M (9.
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3) As a corollary of the proof we see that if ¢*(z) — k"z € F"*! then x €
Fm™. This follows because we can modify z by an element of F"*! to & such that
Yk (%) = k"%, thus & € F™ and then x € F™.

1.2. Etale K-theory. We list some properties of étale K-groups K¢'(X,7Z/p")
and its connections to K-theory with coefficients, for more details see Dwyer and
Friedlander [7].
For a noetherian scheme X of finite cohomological dimension, there exists a
canonical map )
p: K (X, Z/p") — KX, Z/p").
According to Soulé [21, 2.3] the étale K-groups form a A-ring and p is a morphism
of A-rings.
There is a fourth quadrant spectral sequence
EYN(X) = K& (X, Z/p")
where
E;f(X) — HS(X7 Z/pn(_t/2)) t eVen;
0 t odd.
The cup product structure on GK.(X,Z/p") is compatible with p, where the
product structure on @K (X,Z/p") is the abutment of the cup product in étale
cohomology.

Proposition 1.2. (Soulé [21, theorem 1]) Let p be odd, X a noetherian scheme
whose cohomological étale p-dimension d is finite. Assume p > d/2 + 1. Then the
spectral sequence of Dwyer and Friedlander degenerates, Eo = E,, and the induced
filtration on KE(X,Z/p™) admits a natural splitting.

Proposition 1.3. We have for p >
KX,z = @ KHX,z/pm)W

. v+ d
<i<4g

d+3.
5 -

and there is an isomorphism
KX, 2/p") ") = B0 = B2 (X Z/p" (i)

Proof: Let FEKS(X,Z/p") be the filtration by étale dimension attached to the
spectral sequence of Dwyer and Friedlander.

By Soulé [21, prop.2] we know that 1* acts like k' on E$~2% and thus also on
the s-th graded piece F},/FiT KSt (X, Z/p").

Define a new filtration F’ := Fo “K&(X,Z/p"). Then o* acts like k' on
F'/F*1 we have F5 = KS(X,Z/p") and F' = 0 for 2i > d +a. Applying lemma
1.1, we see that if we chose a primitive root of unity mod p for k, the first equation
follows.

The second equation follows from

KoM (X, 2/p) D 2 B = B TR X, 2 fp") = HP (XL 2/ ()
O
According to Soulé [21, theorem 5] this isomorphism composed with p is, up to

an automorphism, the same as the Chern class map for p > 1.
We will also need the following
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Proposition 1.4. (Thomason [25, theorem 4.11]) Let X be a reqular scheme over
a number field or a local field. Then the map p becomes an isomorphism if we
localize K -theory at the inverse of the Bott element [25, A.7],

p: Ko(X,Z/p") B~ 2 KX, Z/p").

This allows us to transport structure from K-theory to étale K-theory, for ex-
ample we get covariance for proper maps of quasiprojective, regular varieties. On
the other hand, the induced contravariance and product structure agree with the
contravariance and product structure defined by [7], because p respects these struc-
tures.

1.3. The length of the ~-filtration. We want to show that K-groups with coefli-
cients can be decomposed into the direct sum of Adams eigenspaces. For K-groups
this is well known after tensoring with @, and Soulé has given a bound for the de-
nominators needed. The same proof, which is a version of 1.1 that uses all Adams
operators 1* at the same time, works for any A-ring with nilpotent ~-filtration, in
particular for K, with coefficients if a > 2.

Theorem 1.5. a) Let X be a regular noetherian scheme of dimension d. Then we
have the following decompositions:

a-+d
Ko(X) ® Z gra=ry @K O L= for a2

d+2
K(X) © Z gy @Kl ) ® Zlerm);

Ko(X) ® Z gy @KO Caind
b) For a > 2 and p > a+ d we have:

a+d
Ku(X,2/p") = @ Ko (X, Z/p")@
qg=1

Proof: Part (a) is [22, prop 5], using [22, theorem 4 iv]. The proof depends on the
following result:

For k > a+d+ 1 we have v* = 0 on K,(X) and for k > d + 3 we have v¥ = 0
on K1 (X).

The same statement remains true for K-groups with coefficients (with the same
proof, see [22, théoréme 1]) and we use 1.1 to prove (b), taking any primitive
root of unity mod p for k. Note that in this case we only know K,(X,Z/p") =
FyK.(X,Z/p"), and thus we have to invert a + d as well. O

Corollary 1.6. For a > 2 and p > a+d, the universal coefficient sequence decom-
poses into sequences of Adams eigenspaces

0 = Ko(X)D /p" — Ko(X,Z/p")D — Ko 1 (X)® — 0.

Proof: Since the sequence is a sequence of A-rings, the Adams operators ' com-
mute with the maps of the sequence. Thus the i-eigenspace is mapped to the
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i-eigenspace. Now since all groups in the exact sequence decompose into a direct
sum of eigenspaces, the eigenspace functor is exact. O

2. THE GROTHENDIECK-RIEMANN-ROCH THEOREM

1. Chern and Todd characters. In this section we define the Chern character
and the Todd character with bounded denominators and prove some properties of
them.

Let X have dimension d, and let N,,, be m-th Newton polynomial. It has coeffi-
cients in Z, so we can define the following morphism of rings [8, 1.4.1]

d
ch: Ko(X) — H gri' Ko(X) ® Z[ 7]
m=0

d
x> e(x) + Z %Nm(cl(m), ooy e ().

Here € is the augmentation Ky(X) — Z and
cm(z) = 7™ (x — €(z)) mod FI'"M Ko(X).
Similarly we get for a > 2 and p > d + a the map
a+d

ch: Ko(X,Z/p") = [] or Ku(X, Z/p")
7:+d a+d (_1)m—1
x> Z .N e (z em(z)) = Z em ().

(m—1)!

The last equality holds true because K,(X,Z/p™) has trivial multiplication.
Let H,, be the m-th Hirzebruch polynomial. It is determined by the property

m=1

that for k > m and the elementary symmetric functions o;(z1,...,z;) we have
b x;t
Hm(al(xl, ey Th)y ey O (T, ,xk)) = coefficient of ¢ in H e”“texitz_ T
i=1

If a prime p divides the denominator of H,,, then p is less than or equal to m + 1
[13, Lemma 1.7.3], so we get a homomorphism of groups [8, par. 1.4]

d
td: Ko(X) = 14 [] 9r Ko(X) ® Z[g1y]
m=1
d
1+ Y Hp(a(@),... om(@)).
m=1

Proposition 2.1. a) The map

d
ch: Ko(X) ® Z] 7] @KO ) © Zlgiml? — @ o) Ko(X) © Zl iy

s an isomorphism of gmded rings and coincides on the j-th Adams eigenspace with

the natural map Ko(X) ® Z[; L9 5 gri Ko(X) ® Z]

@+ 7(di1)!]'
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b) Fora>2 and p > a+ d the map

a+d a+d
ch: Ko(X,Z/p") = P Ka(X,Z/p")Y) = @ gr] Ko(X,Z/p")
j=1 j=1

is an isomorphism of graded rings and coincides on the j-th Adams eigenspace with
the natural map Ko(X,Z/p")9) = grl Ko (X, Z/p").

Proof: a) Since ch is a homomorphism of A-rings, we get for all m, j the following
diagram

m ch :
Ko(X) ® Z[(dil)!]( ) gri Ko(X) @ Z[ﬁ]

J{wk:knz lwk:kj

Ko(X)® 7] Pty griKo(X) ® Z]

L_](m) L]
(d+1)! (d+1)!
Thus (k7 — k™)ch(x) = 0 for all k, so the greatest common divisor of the numbers
(k3 —k™) annihilates ch(z). By Soulé [21, 3.3.1] we know that this greatest common
divisor is only divisible by primes less than or equal to d41, which we have inverted.
So ch(x) = 0 for m # j, and we see that ch respects the grading.

Now for z € FI" Ko(X) ®Z[(d%1)!] we have ¢, (z) = y™(z) = (=)™ Y (m—1)! x
mod F"Ko(X) ® Z[ﬁ}. Observing that N,,(0,...,0,¢,) = (—=1)™ " tme,,,
this proves the last claim and then the first claim follows.

b) Using 1.5, the same proof works for K,(X,Z/p"), if we use ¢* for k a primitive
root of unity mod p. O

2.2. The Adams-Riemann-Roch theorem. Let ¢ : X — Z be a closed embed-
ding of smooth schemes of constant codimension ¢ defined by the coherent ideal
T of Oz. We define N' = Z/Z? to be the conormal sheaf of i. It is a locally free
Ox-module of rank c. Furthermore let #7(N') be the Bott cannibalistic class of N

Proposition 2.2. (Adams-Riemann-Roch)
For a closed immersion i : X — Z of smooth schemes with conormal sheaf N
the following diagram commutes for a > 2:

n oW wk n
Ku(x,z/p) 20 K, (X, 2/

Ko(Z,7./p™) BN Ko(Z,Z/p")
In other words, we have for every x € K,(X,Z/p"):
V(i (@) = i (0 (N)9* (2)).

Proof: The proposition follows exactly as [24, cor. 1.3]. The proof there works for
any Ky-algebra with ring morphisms ¥ which are compatible with the operations
of Ky and pull backs, which is the case in our situation. For more details see [9]. O

Define
u=ch™ (tdN")) € Ko(X) @ Z] ;i)
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By the properties of the maps ch and td it is a unit with augmentation 1. We
will use properties of u to prove the Grothendieck-Riemann-Roch theorem. Let us
examine the behavior of u with respect to Adams operators.

Lemma 2.3. The following equation holds in Ko(X) ® Z[ﬁ]:

08 (N)*(u) = kCu.
Proof: If we apply ch to the equation, we see that it suffices to prove
ch(0°(N)) - ¢* (td(N™)) = k°td(N)
where ¢* is the map which is multiplication by k™ on gritKo(X) @ Z[ L] Let

d+1)!
p: D(N) — X be the flag scheme of N over X. The induced map griKo)(X) —
gr;, Ko(D(N)) is injective and the class of p* V' decomposes into a sum of classes of
invertible modules. Observe also that since p* is a morphism of graded algebras,
its image lies in & gr! Ko(D(N)), so the following diagram commutes:

*

Ko(X) —— Ko(D(WV))

J/Ch lch
B 9 Ko(X) ® Zlry] —— Bio9ri Ko(DW) © Zl 7y

As the same diagram for td commutes as well, it is enough to prove the lemma for
an invertible sheaf A'. Let a = ¢1(N) be the first Chern class of N, then we have
the following formal identities:

ch(0F(N)) = ch(1+ [N+ +N]F D =1+e +..- +elk~ba

A —a —a _ @
td(NY) = per L -
—ka
k VYY) —
O (HN)) = T
and hence we get formally:
ch(0*(N))F (td(NY)) = (1 + e +- -~+e<k—1>a)l_ﬂ,m = —hay ! — =k td(N"Y)
—e —e

O

Corollary 2.4. The map x — i, (uz) maps Kqo(X,Z/p™)9) to K, (Z,7/p™)0+),

Proof: By the Adams-Riemann-Roch theorem we have

(i (u)) = i (0NN (w)F (@) = i (ko - k) = ki (uz),

2.3. The Grothendieck-Riemann-Roch theorem. We prove the Grothendieck-
Riemann-Roch theorem for K-groups with coefficients. We follow [24], but keep
track of denominators. It will turn out that it suffices to invert enough primes
so that the Chern character and the Todd character are defined on Ky. The key
observation is that the proof in [24] makes calculations in Ky and then only uses
the fact that the higher K-groups are modules under K.
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For a smooth scheme X the tangent sheaf T = (Qﬁ(/k)v is a locally free Ox-
module of finite rank. One defines the Todd class of X to be

dx
Td(X) = td([Tx]) € €D 97 Ko(X) © Lz

Theorem 2.5. (Grothendieck-Riemann-Roch)

a) Let X, Y be smooth projective schemes over k of dimension dx and dy, re-
spectively, and let f : X — Y be a morphism of pure codimension c. Let a > 2,
d = max{dx,dy} and p > d + a. Then the homomorphism f. : K,(X,Z/p") —
K,(Y,Z/p™) has degree c, i.e.

fe it F'Ko (X, Z/p") C F;"J“CKG(Y, Z/p™)
and hence f induces a map
fe 1 grl' Ko (X, Z/p") — grfynJrCKa(Y, Z/p"™).
b) The following diagram commutes for large p:

ny Td(X)-ch ) n
Ko(X,Z/p") = gr, Ko (X, Z/p")

| |
Td(Y)-ch
K. (v,z/p7) T80 o K, (v, 2/,

Remark: 1) The proof of (a) works for K,(X)® Z[m] respectively K1 (X)®
Z[ﬁ] respectively Ko(X) ® Z[ﬁ], because we can prove the theorem for
Ka(X) & Z(p), allp>a+d.

2) In (b) it suffices to take p > a + d’, where d’ is the dimension of a space P}
such that f factors through Py

3) A gap in the proof of the theorem in [9] was pointed out by J.Nekovar.
Proof: Note that the Adams eigenspace decomposition of K,(X,Z/p™) and of
K,(Y,Z/p™) are defined because p > d + a.

As in [24] we factor f into X BN P, 2 Y such that i is a closed embedding.
a) Via the five lemma it is easy to conclude from the corresponding statement
for K-theory that we have a canonical isomorphism

Ko(Y,Z/p") @ Ko(P") = Ka(Py,Z/p")
(y,€) = p"(y) - ¢ (§)

where p and ¢ are the projections of P}, to Y and P respectively.
If we let £ = 1 — [Opr(—1)], then the elements 27 € FJ Ky(P") form a basis of
Ko(P") for 5 =0,...,r, and we get

P K.Y, Z/p") - 27 = Ka(Py, Z/p").
§=0

If we denote the structure morphism P — Speck by s, then the projection
formula and base change show that

PPy - 7€) = p«(q7€) -y = 5. -y,
where s.& € Z = Ko(k) acts on K,(Y,Z/p™) via the structure morphism.
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Consider the embedding i : X — P} and let z € FJ"K,(X,Z/p"). Write
z = uz’ with 2’ = u™'z € FJ"K,(X,Z/p"). Decompose ' = 3. ) with 2/, €
K,(X,Z/p")9). By 2.4 we get i,(z) = i.(uz') = > j>m ix(uz’;) where z*(ua:j) €
Ka(Py, Z/pm)U+ern),

To prove the theorem it will suffice to show that for z = i, (uz’}) € Kq(PY, Z/p™) 0+t
we have p.(z) € FIT°K,(Y,Z/p").

We write z = Y a'y; with y; € K,(Y,Z/p"), then by the discussion above
p«(2) = Y auy; with o = s.(2%) € Z.

We will show by induction on i that y; € FITH 'K, (Y,Z/p"). As z' €
F!Ko(P"), we have

wk(xz) = kigt + Zﬁilxl7
i<l
and from
Jitetr, — Zwk d}k: yz

we get by comparing the coefficient of z*:

itrtey, = kiwk(/yi) + Zﬁliwk(yl)

I<i

By induction hypothesis we know that g and hence v¥*(y;) is contained in
Fg‘““_lK{l(Y7 Z/p") for | < i. Thus

KA (" (yi) — KT y) € BRI (Y 2 /")

and the same is true without the factor k?, because we can assume k invertible. The
remark after lemma 1.1 tells us that we can conclude from ¥ (y;) — kI tetm =iy,
FItetr—l K (Y, Z/p") that y; € F" 7" K,(Y,Z/p"). Noting that i < r, the
theorem follows.

b) We prove b) for i and p separately in two lemmas:

Lemma 2.6. The following diagram commutes for p > a + dim Py, :

- " Td(PYy )-ch . - n
Ka(PY7Z/p ) - gT'yKa(IPYaZ/p )

|7 |-
n Td(Y)-ch . "
Ka(sz/p ) E— gr—yKa(Y,Z/p )
Proof: The classical Hirzebruch-Riemann-Roch theorem states that the following
diagram is commutative

o Td(PT)-c
Ko(PT) —> gr, Ko(P" )®Z[(r+1)|]

1
This can be proved as in [2, prop.10] with formal calculations, so it suffices to tensor

with Z[( +1)'] in order for the Todd map to be defined.
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Now using Td(P},) = p*(Td(Y)) - ¢*(Td(P")), the projection formula and the
base change property, we see that for y € K,(Y,Z/p"™) and z € Ky(P") we have:
P (Td(PY) - ch(p* (y)q"(2))) = p« (p*(Td(Y)ch(y)) - ¢ (Td(P")ch(x)))
= Td(Y)ch(y)s. (Td(P")ch(z))
— Td(Y)eh(y)s. (@)
= Td(Y)ch(p.(p* (y)a" (z)))-

Lemma 2.7. For a closed embedding i : X — Z of smooth schemes over k and p
sufficiently large, the following diagram commutes:

n Td(X)-ch . n
K.(X,Z/p") gri, Ko (X, Z/p")

oy Td(Z)-ch , "
K (Z,Z/p") ———— gr K.(Z,Z[p").

Proof: Let us first prove the commutativity of the diagram

ny LANY)Tlech , n
K.(X,Z/p") ——— gr , K.(X,Z/p")

ch . n
K.(Z,Z/p") ——  griK.(Z,Z/p").

For this write any given z € K,(X,Z/p™) as above as x = uz’. We have to show
ch(i.(ux")) = i (¢d(NV) " teh(uz')). But

td(NY) " teh(uz') = td(NY) " eh(u)ch(z") = td(NY) " d(NY)ch(z') = ch(z")
so it suffices to show ch(i(uz')) = i.(ch(z)).

Assume without loss of generality that 2’ € K,(X,Z/p™)™ for some m. Then
the assertion is equivalent to the following congruence:

ch(is(ua')) = i.(ua’) = iu(2') = iu(ch(z’)) mod FI"M K, (Z,Z/p").
The first congruence follows because i,(uz') € K,(Z,Z/p") @™ and 2.1. The
second congruence follows because w is a unit with augmentation 1 and the third
congruence is i, applied to 2.1 again.

Now the claim of the proposition falls out: For the closed immersion i : X — Z
we have the exact sequence

0= N =i QY — Q) =0
and therefore i*(T'd(Z)) = Td(X)td(NV). Then for z € K,(X,Z/p™) we get
ch(iy(z)) = i, (td(NY) " eh(z))
=i, (i*(Td(Z2)"")Td(X)ch(z)) = Td(Z) i, (Td(X)ch(z))

and hence
Td(Z)ch(is(z)) = ix(Td(X)ch(x)).
This concludes the proof of the Grothendieck-Riemann-Roch theorem. O



p-ADIC K-THEORY OF HECKE CHARACTERS 13

24. Ky and Chow groups. In this section we are going to prove the following
theorem

Theorem 2.8. Let X be a smooth quasiprojective variety of dimension d. Then we
have a cycle map which is covariant, contravariant and compatible with products

CHP(X) ®Z[ﬁ] = Ko(X)P @ Z[(d -

Proof: Consider the Brown-Gersten-Quillen spectral sequence. According to Soulé
[22, th. 4 iv], it degenerates with split filtration at the FEs-level after inverting
(d —1)!I. We thus get

Ko(X) ® Zlzty1) GBEP (X) @ Zlgy] @CHP ) © Zl gty
This isomorphism is contravariant and compatible with products (because the spec-
tral sequence is), and covariant by [10, theorem 7.22].

Observe now that 1% acts on E5' ™7 like kP [22, p.524], so the theorem follows
from 1.4. O

Remark: 1) The Brown-Gersten-Quillen spectral sequence comes from and induces
the filtration by support on K-groups,

Fl Ko(X)=im Ko(M%) = Ko(M),

top

where M is the full subcategory of M with objects F such that codim x (suppF) >
i. On the other hand there is a cycle map

CHY(X) % gl Ko(X) . Zin(Og)
for i : Z — X is the natural inclusion. Soulé in essentially proves that 1/* induces
an action k? on grt,, Ko(X) = EB ™7, showing that gry,, Ko(X) = Ko(X)®) if the
Adams-eigenspace decomposition of KO(X ) exists.
2) Note that for a cycle Z in CHP(X) the corresponding element in Ky(X) is

given by i,(Oz). This is clear for smooth cycles by the preceding discussion, and
can be reduced to this case by the localization sequence.

3. CHOW MOTIVES AND K-THEORY WITH COEFFICIENTS

Let A be a unitary commutative ring. The category M (k) of Chow motives over
the field k£ with coefficients in A is obtained from the category of smooth projective
varieties over k as follows, see [16]:

(1) We first define the intermediate category Ca (k): The objects of this category
are h(X), for X smooth projective over k. We define

Home, 1) (h(X),h(Y)) = CHI™ ¥ (X x V)@ A

if X is equidimensional.
Composition is defined by intersection: For a € Hom(h(X),h(Y)) and
b € Hom(h(Y'), h(Z)) we have

boa = pi3.(plaa - p3sb)

where p;; are the three projections of X x Y x Z to two of the factors.
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We have a contravariant functor from the category V(k) of smooth
projective varieties over k to Ca(k), by sending X to h(X) and a map
f:X =Y toits graph in CHY™Y (Y x X).

(2) The next step is to add images of projectors in Cy(k), i.e. we take the
Karoubien hull of this category. The objects of the new category are pairs

(X, p) with X an object in Cx (k) and p an idempotent in Home, (1) (h(X), h(X)).

The morphisms are given by
Hom ((X,p), (Y.q)) = {qo f o plf € Home, 1) (h(X), h(Y))}.

(3) The idempotents eg = {pt}xP* and ez = P! x {pt} of Hom(h(P!), h(P!)) are
orthogonal with e + ea = id. It is easy to see [16, par.6] that (h(P!),eq) =
h(Speck). If we let £ = (h(P'),e3), then we have h(P') = h(Speck) & L.
Our last step is formal inversion of £. The objects of the new category are
M(r) = M ® L®" with M an object in the category above and r € Z. The
morphisms are given by

Hom (M(r),N(s)) = li_r>nHom (M(r+n),N(s +n)).

Observe that the terms in this limit are defined and stable for n big enough
[16, par.8]. We call the resulting category My (k).
Remark: Let X be a variety of dimension d with a k-rational point. Via the
idempotents X x {pt} and {pt} x X in CHI™ X (X x X) it is possible to split off the
parts ho(X) and hog(X) from h(X). Then ho(X) = h(Speck) and hog(X) = L4,
For a curve C' this gives us the splitting

h(C) = h(Speck) & hy (C) & L.

Let M4 (k) be the full subcategory of My (k) generated by smooth projective
varieties of dimension less than or equal to d by the steps above, i.e. we define the
category C% (k) to be the full subcategory of Cy (k) with objects h(X) for X smooth
projective of dimension at most d over k, take the Karoubien hull and formally
invert L.

Furthermore let My (k, Q) be the category of Chow motives over k with coeffi-
cients in A and with multiplication by a ring O, i.e. the objects are pairs consisting
of an object of My (k) and an embedding of O into Hom g, 1) (X, X), and the
morphisms are compatible with this action.

Theorem 3.1. The functor Ko(—,Z/p™)® factors through M%p(k) fora>2 and
p > 3d+ a.

Proof: According to 1.5 there is an Adams eigenspace decomposition of K, (X,Z/p"),
K, (X xY,Z/p™) and K,(X xY x Z,Z/p"™) for p >3d+a > dx +dy +dz + a.
a) K,(—,Z/p™)® factors through C% (k):
We need to show that every element o € CHY™ X (X x V) ® Z,, induces a map
aw: Ko(X,2/p™) D — K, (Y, Z/p™)®
in a functorial way, and for maps f : Y — X between varieties we have f* = [I't]..
This follows if we have the following ingredients:

(1) A functor which is contravariant and admits a product.
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(2) A map
CH(X xY)®Z, % Ko(X xY)D 07,
which is covariant and contravariant functorial and compatible with prod-
ucts (this is the case by 2.8).

(3) A push-forward map for smooth projective varieties shifting degree and
satisfying the projection and base change formula (K-groups have push-
forward with projection formula and base change, and the shift of degrees
follows from 2.5).

For a given a € CHY™ X (X x Y) ® Z,, we define o, to be the composition
Ko (X, Z/p") D 25 K, (X xY,2/p") D 22X g (X <y, z2/pm) 0+ 22 g (v, 2/p™) ©,

The property [['¢]. = f* for maps f : ¥ — X between varieties is checked
as follows: let v be the graph map Y — X x Y, y — (y, f(y)). For the closed
embedding v we have by the projection formula v,.7v*(2) = z Uy, (1) = z U l(T'y).
But then

[Lfle(®) = py(pxz U cl(Ty)) = py 77" (P ®) = ¥'px (%) = f* ().

For the compatibility with composition, we have to check that for « € CHY™ X (X x
Y)®Z, and 8 € CHY™Y (Y x Z)®7Z, the maps B.oa, and (Boa), agree. Consider
the following diagram of schemes and maps:

X xY xZ

N

XxY Y xZ
Y
Denote the projection from A to B by p4, then for x € K,(X,Z/p™)®) we have
au(e) = p¥Y <p§Y*ch1<a>> and

Bulon(e)) = P57, (6 <a*<x>>Ucz<5>>
=py *( [ Yz Ud(a )] ucl(B))
=py7. (357, pﬁgz*(px ‘zUcl(e)]Ucl(B))  (base change)
=37 (317 (X7 X7 1) Upiy” d(a)] U c(B))
=37 (¥ 27 (X7 X7 ) UpXy? e(@) Ups 7 cl(B)])  (proj. formula)
=py *(p§§Z*[p§§Z PR Upxy? d(e) Upy y 7 (B)])
=p3 7, (X7 2 Upx 7, [Py (@) Ups s Z cl(B)])  (projection formula)

=paZ, (pX% "zUC(B o)) (compatibility of ¢l with f., f*,U)
= (Boa).(z)
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This shows that K,(—,Z/p") factors through C% (k).

b) Ko(—,Z/p™)® factors through M4 (k):

We have to check that we have K,(X,Z/p")V~1) = K, (X ® £,Z/p™)) for the
Lefschetz motive L.

Now Ko(P') =Z-1® Z - x, where 1 lies in degree 0 and z in degree 1, and we
have an isomorphism

K.(X,Z/p") @ Ko(P') = K. (X x P, Z/p™)
(,y) = p U q"y

This implies that K, (X x P!,Z/p") has an Adams eigenspace decomposition with
the same denominators as K, (X,Z/p™) and we have

Ko(X,Z/p")9 @ 2K, (X,2/p") Y = K, (X @ P, Z/p™)@

= Ko(X, Z/p")" © Ko(X © £,Z/p")")

Observing that the isomorphism leaves K,(X,Z/p")® fixed, we get the desired
equality. O

Proposition 3.2. a) The functor K(—,Z/p™)® factors through M%p (k) forp>
3d + a, and the morphism of functors
P Ka(_u Z/pn)(l) — K{ft(_a Z/pn)(Z)

induces a morphism of functors on M%p(k‘).

b) The functors H*~%(—,Z/p" (1)) and H*~*(— xy k,Z/p™ (7)) factor through
Mz, (k), and the morphism of functors

T K= Z/p™) Y S HP (= Z/p" (1))

induces a morphism of functors on M%p(k) forp>3d+a.

Proof: a) By the isomorphism 1.4
pi Ko(=Z/p")[B~ 1D = K (=2 /p™)
we define cycle class, push-forwards, pull-backs and products on étale K-theory,
and then compatibility is obvious.
b) We use proposition 1.3 and 1.4 to transport the structures from K-theory
to étale cohomology. In fact, both the map p and the Dwyer-Friedlander spectral

sequence are compatible with pull-backs and products. And for proper maps X —
Y of codimension d, the push-forward in K-theory induces by 2.5 a map

H=(X,Z/p"(i)) = Ko(X, Z/p™)[371]D —
K. (Y,Z/p™) 37109 = g2+ =y, 2/p" (i + ¢)).

Again compatibility is obvious by construction. O

Remark: For étale cohomology one could check the properties needed to prove the
factorization directly (Bloch-Ogus axioms [1]), but this way we avoid checking com-
patibilities. Of course, pull-backs and products agree with the normal pull-backs
and products for étale cohomology (as p and the spectral sequence are contravariant
functorial and respect the product), and the push-forward should agree with the
usual Gysin morphism in étale cohomology.
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Since the morphism of functors "reduction of coefficients” commutes with the
cycle map, cup products and push-forwards, it induces a morphism of functors on
M%p(k), and we can define

Ko(M,2,)®) =l Ko (M, 2/p")
| /|
KM, Z,) ) = lim K5 (M, 2/p) O
—
H2i=a ()M, Zy(1)) = H* (M, Z/p"(i))

4. HECKE CHARACTERS OF IMAGINARY QUADRATIC FIELDS

4.1. Hecke characters. Let K be a number field, f be an ideal of K and X =
Y nyo € Z[Hom(K, Q)] be a linear combination of embeddings.

A Hecke character of K with values in a number field T' of infinity type X and
conductor dividing f is a group homomorphism ¢ : Z; — T™* from the ideal classes
of K prime to f to T* such that for any principal ideal (o) with @« =1 mod f, «
totally positive, one has (see [18])

p@)=a*= [ ol

o:K—Q
Let W; C Ik be the standard open subgroup of the ideles of K

[Ho: < I[wi0) x [ Ry x ] ¢
pU

p|f A real A complex

where Oy are the units of K, and Wj(p) are the units congruent to 1 mod j.
In the adelic description a Hecke character (CM-character) is a continuous group
homomorphism x : Iy — T* of the ideles of K to T™ such that

x(W;) =1 for some W;
X|lg-=X K" =T

By extending X to a character X, : Ix — I one defines the group homomor-
phism x4 := x - X&l : I /K* — Ir of the ideles of K to the ideles of T. For an
infinite place 7 of T' we get a grossencharacter 7 o ya of type AO in the sense of
Weil.

On the other hand we get for the finite places:

Lemma 4.1. Let xp : Ix X I — Ty be the P-component of a Hecke character

for a finite place B of T. Then xy factors through the Galois group Gal(K®/K)
and has image in Of, .

Proof: Since Ty is totally disconnected, the connected component of the idele
classes CY- is mapped to 1 and by class field theory Cx/C% = Gal(K%/K). On
the other hand Gal(K®/K) is compact, so it has image in the maximal compact
subgroup Or, of Tg;. O
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Remark: 1) Consider the characters y, given by

XAIIKﬁ)IT—)T%A>C;
for a place *B dividing p of T' and an embedding A of T into C;. There are
>qplTyp + Qp] = [T : Q] characters of this type. We call them p-adic grossen-
characters associated to x, because they are the p-adic analogue of the [T : Q]
grossencharacters arising from x.

2) In case x is a Hecke character of conductor f of an imaginary quadratic
field K and p a prime split in K, one sees as in [19, IT 1.1] that the character
xp @ Gal(K/K) — Og, factors through the Galois group of the ray class field
K(fp>).

4.2. Complex multiplication. Let E be an elliptic curve over a number field F'

with complex multiplication by the ring of integers Ok of an imaginary quadratic

field K, see [19, II 1.3]. Suppose that FE is of Shimura type, i.e. the extension

F(E,;ys)/K is abelian, where Fy,,.s denotes the group of all torsion points of E.
Let ¢ : Ip — K* be the CM-character of F, i.e.

Yu: Ip/F* = Gal(F®/F) = I — O ® Z,

gives the action of G on the Tate module T, E for all p. The character 1) can be
extended to a character ¢’ : I — T’ with values in a number field T’ such that
Y= o NE, see [19, 11 1.4].

Let A = Rp /i E be the Weil restriction of E. It has complex multiplication by
a finite Ok-algebra O, [11]. The K-algebra T'= Of ® Q is then a commutative
semisimple K-algebra of degree d = [F': K| and thus a product of fields. If e runs
through the idempotents of T', we have

T:HTe and ANHAe,

where T, = e - T is a CM field containing K, ~ means isogenous, and A, is an
abelian variety with complex multiplication by T,.. Let ¢ be the CM-character
of A, it is T-valued and the components ¢, are the CM-characters of the abelian
varieties A..

It is easy to see that the characters ¢, are the characters satisfying the condition
Y = ¢’ o NE. If % is the complex conjugate character and x is the cyclotomic
character, then ¢ - p = k.

Note that A = Rp/xE = Rp, EY = AV and that A also has complex multipli-
cation by ¢.

4.3. The extension F(E,~)/K. Choose for the rest of this paper a prime number
p having the following properties:

e p splits in K into pp

e p does not divide d = [F : K]

e p is prime to the conductors of F/K and of E

*p=5

Let f be the lowest common multiple of the conductors of F/K and of . We

have [19, prop.1.6, 1.7]:

Proposition 4.2. 1) Let g be any ideal divisible by f, then the ray class field K(g)
equals F(Ey).
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2) For any ideal m prime to f, Gal(F(Ew)/F) = (Og /m)*.
Let F,, = F(Epn), Foo = JF, and G = Gal(Fs/K). We want to describe the
structure of G. By the proposition we see that
Gal(Foo /F) = Of, = Op © O = Ay x 'y X Ag x T'y,
where O ,, is the completion of O at p,
Ay = Gal(F(Ey)/F) = Z/(p—1)
D) = Gal(F(Ey=)/F(Ey) = Z,
and similarly for Ay and I's.
For G we get the decomposition
G=HxTI'y{ xTy

where H = Gal(F(E,)/K) D Ay x A,.
The decomposition patterns of primes of F are given by the following [19,
prop.1.9]:

Proposition 4.3. 1) All the primes above p are totally ramified in F(Epe)/F.
2) All primes not above p and not dividing § are unramified and finitely decom-

posed in F(Ey)/F.

Corollary 4.4. The decomposition group of p in G is of finite index and contains
the group T'y x Ty where T is of finite index in Ts.

Proof: By the proposition the inertia group of p in Gal(F(Ey~)/F) is isomor-
phic to I'; and p is unramified and finitely decomposed in Gal(F(Ej-)/F). So in
Gal(F(Ep~)/F) the prime p has inertia group isomorphic to Z, and residue class
extension isomorphic to Z,,. O

Let us now prove some properties of the Hecke characters ¢ and ¢.

Lemma 4.5. The character 1y : Ir — K factors through Gal(Fw/F) and the
character poq : I — T factors through G.

Proof: The character ¢ : Ip = Ix = Of = Z," gives the action of Gal(F®/F)
on the p-power torsion points of E and thus factors through the extension Gal(F'(Eype)/F').
On the other hand, for any place B of T" above p, the character pg : Ix — It — Ty

gives the action of Gal(K/K) on the P-power torsion points of one of the abelian
varieties A, and consequently factors through Gal(K (Ape)/K). By the universal
property of the Weil restriction the -torsion points of A, are defined over F(Eye),
so @y factors through Gal(F(Ey~)/K). O

By the defining property of 1, the p-component of v,
K1 =Yy = og|cal(Fo/F) t Gal(Foo /F) = Ok, = Zy
gives the action on T, E. Similarly the character

Ko = p = @i}\GaZ(FOO/F) cGal(Fo /[ F) — Of(ﬁ =7y

*

gives the action on T3 E for all places S8 over p.
Observe that k1 and ke are trivial on Gal(F(Eg~)/F) and Gal(F(Ey~)/F),
respectively.
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Consider the cyclotomic character & : Gal(F((p~)/F) — Z," giving the action
on the p-power roots of unity. Via the projection Gal(F(Ep~)/F) — Gal(F({pe)/F')
we can consider x as a character of Gal(Fs/F).

Lemma 4.6. The characters k and k1 agree as characters on Gal(F(Epe)/F).
Similarly the characters k and ko agree as characters on Gal(F(Eg)/F).

Proof: Because of the Galois invariance of the Weil pairing,
K =det(k1 X ka) : Gal(Fao/F) — Z,* X Ly* =5 T,".

But we just observed that ks is trivial on Gal(F(Ey~)/F), so the lemma follows.
O

5. MOTIVES FOR HECKE CHARACTERS OF IMAGINARY QUADRATIC FIELDS

In this section we construct for any Hecke character of an imaginary quadratic
field K a motive in Mz, (K) such that the Galois group of K acts like the Hecke
character on a certain cohomology group of the motive. We follow the exposition
in [6, section 1], with some additional considerations because we are in the p-adic
situation.

Recall that the Weil restriction A of E has complex multiplication by an Q-
algebra O/, and that T' = O/, ® Q decomposes into a direct sum of fields T = ®.Te.
To obtain a similar decomposition of Of. ® Z,, we need the following lemma of [5,
lemma 4.6.1]:

Lemma 5.1. The morphism 7 : Spec O} — Spec Ok is étale outside the set S
of prime dwisors of d = [F : K] in Og. Let (O})g be the localization of OF,
then (O7)s = (Or)s, where Or = [], Or, is the mazimal Ok -order of T. In
particular for every idempotent e we get: e € (OF)g, e-(OF)s = (Or,)s and
O @ Ly = Op @ Ly, forp [d.

For p fd we thus have a decomposition

O @ Zy, =P EP Or, -

e Plp

Let M = Rp/k(h1(E)) be the Grothendieck restriction of h;(E) induced by the
functor which considers a variety over F' as a variety over K. It has multiplication
by O ® Z, and is thus an object in Mz (K, O} ® Zy).

The following proposition clarifies the connection between M and A:

Lemma 5.2. Let F//K be a Galois extension with Galois group G of degree d prime
to p. Then

CH(X)®Z, = (CH(X xx F)©7Z,)°.

Proof: For p: X xxg F — X we have p* : [Z] — [Z xx F] and p. : [Y] — [E(Y) :
k(p(Y))][p(Y)]. Thus p.p*[Z] = d[Z] and p*p.[Z] = 3 [Z°]. D

Proposition 5.3. a) For p /|[F : K| we have the following decomposition in
Mz (K):

h(A) = @ hi(A),
k=0
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where hi(A) has the property

H™(ha(A),2/5" () =0 for k#m.
b) There exists an isomorphism M = hy(A) of motives in Mz, (K).

Proof: The base extensions from I to K of A and the Grothendieck restriction of
FE can be calculated to be

Axg F=]][E° RpxExxF=|]E.
oeG oeCG
a) If we extend the base field to F, then we have

2 2d 2d
WAxx F)=][@mnE) =B ( @ []h.(E)) =P nmA),
o =0 k=0 Yi,=k o k=0

where o runs through Gal(F/K). Since the Galois group permutes the E°, we see
that the hj(A) are fixed by the Galois group. By the lemma we conclude that the
decomposition descends to A/K.

b) The Grothendieck restriction is left adjoint to the base extension functor, so

Homp(E, [[ E7) = Homk (Rp/k E, A).
ceG
Let f be the map corresponding to the canonical map F d, E FE 5 E°, and
define f! to be the composition

M — h(RpkE) 5 h(A) = hy(A).
We claim that f! is an isomorphism. We have

M xx F =P hi(E%)

m(A) xx F=m([E)= @ []h.(E)=PmnE).
o Zigzl o o
These two motives are isomorphic, the isomorphism being induced by f!. Thus
there exists an inverse map g in the category Mz, (F) of Chow motives over F.
Since f! and the identity are Galois invariant, we conclude that g is Galois invariant
as well. So by the lemma we are done. O

Let Oy =0, @+ @ OF (w times), Ty, = O, @ Q, and set My, =M @---@ M
(w times), viewed as an object in Mz, (K, O, ® Z,). Furthermore we define A =
Hom(T,C) and A, = Hom(Or ® Z,,C,).

Lemma 5.4. a) We have T, = ®oTe, where © runs through the Aut(C)-orbits of
A®vY = Hom(T,, C).
b) We have
0,52, - B P 0an - Bon
© Blp Q

where © is as above, P runs through the primes of To dividing p and Q runs through
the Aut(C,)-orbits of A" = Hom(Oy @ Zy, Cp).
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Proof: a) We can distinguish the field components of T}, by embeddings into C,
and two embeddings of the same field differ by an automorphism of C.

b) The first equation follows from (a) and the second equation is proven exactly
as in (a). Observe that we get a finer decomposition because we only take orbits
under the decomposition group of a prime v of Q above p. O

Let eg be the idempotent corresponding to the field component Tg of T, and
define the CM character
vo : Ix = T§
by po =eo - (p® -+ ®¢) (w times). The infinity type of o can be determined
as follows [6, 1.3.2]:
Fix an embedding K < Q C C. The embedding K C T induces an embedding

K—->KK---9K—>T, —>To.
For ¥ € © NHomg (To,C), ¥ = (A1, , A\y) € A we set
ay = #{i|\; € Homg(T,C)} by = w — ay.

Then we have gg((x)) = x%z% for x € K* with z = 1 mod §, i.e. (ayg,by)
is the infinity type of ¢g. This is independent of 4 € © N Homg (Te,C). For
9 € © NHompgo (Te, C) the homomorphisms inducing the conjugate embedding of
K, we get (ag,bg) = (by,ay). We now have [6, prop. 1.3.1]

Proposition 5.5. Every Hecke character of K of positive weight w has the form
o for suitable E/F and ©.

O

Let us now consider the p-adic situation.

Writing eq for the idempotent of O, ® Z, corresponding to Oq, we obtain a
motive Mo = (My, eq) in Mz, (K, Oq) for the completion Og of one of the Og at
a place 3 above p.

From the character pg g : Ix — T, é"B we get the character

0o = pop : Gal(K®/K) — Of.

Notice that the B-component of pg agrees with the eg-component of the w-fold
tensor product of ¢, i.e. the following diagram commutes:

vop Ik —— (To ®Qp)* 5 T o

I I I

eq - o8 Iy —— (T, ®Qy)* X2y T3

where ¢, denotes the p-component of ¢. This shows that g factors through G,
since ¢, does.

Now let w be in the orbit 2. We want to calculate the map ¢q on Gal(Fu/F).
This is analogous to the determination of the infinity type of ¢g above. If w =
A1y Aw) € A, we define

aq = #{Zp\l S HOII](QKP (OT & Zp, (Cp)}
bo = #{Z|/\1 S HOIIl(gKE (OT X Zp, Cp)},
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i.e. ag counts the \; inducing p on O C Or and b counts the A; inducing p.
Then from the identity egq - gpj%z; = pq, and the fact that pg and ¢g agree on
Gal(Fs/F) with k1 respectively ko, one easily sees that ¢ agrees on Gal(Fx /F)
with £{?k52.

Notice also that if © belongs to © and B, then (aq,bq) = (ae, beo) if P divides
p and (agq, ba) = (be,ae) if P divides p.

Let for the rest of the paper
M, = H" (Mo, Z/p" (w))
and B
M = H" (Mg, Zp(w)).
We will tacitly use the following inclusion
M, C H (MO, Z/p" (w)) = H*(hi(A) ", Z/p" (w)) = H (A (A), Z/p" (1)**"

The next proposition explains why we call Mg the motive associated to the
Hecke character pgq:

Proposition 5.6. The étale cohomology group M = HY(Mgq,Z,(w)) is a free
Oq-module of rank 1, and the absolute Galois group Gx of K acts on it via the
character pq : Gg — OF.

Proof: Consider the action of Gx on H'(M,Z,(1)) = Hom(T,A,Z,(1)). By the
Weil pairing this is isomorphic to T,AY = T, A (a free Or ® Z,-module of rank one)
as Galois modules.

By definition of ¢, the operation of Gk on the Tate module T, A is given by
¢vp : Gx — (Or ® Zy,)*. But then the operation of Gk on

M = eq - H (M, Zy(w)) = eq - H' (M, Z,(1))*"

is given by eq - 3" = vq.
The first claim follows because eq - T,A® - @ T,A is a free eq - Oy ® Zp = Oq-
module of rank one. O

6. ToOLS FROM IWASAWA THEORY

We need to recall some facts of Iwasawa theory of imaginary quadratic fields from
de Shalit [19]. However in our case we have to consider the two variable theory. So
we will state the theorems in the two variable setting, as indicated in [19, IIT 1.14,
IT 4.17].

Let § be as before the lowest common multiple of the conductors of F'/K and ¢,
and let f, be fp". This gives us the following tower of ray class fields:

K — F — K() 227202 g(5,) D8 g (5,0%)

Let G(f,) = Gal(K(f,p>°)/K) be the Galois group of this extension and H' =
Gal(K (fp)/K) be its prime to p-part. Then H' contains Ay x Ay with Gal(K (f)/K)
as quotient. Furthermore we have

G(fn) = H' x Ty x Z/p" 1.

Let U;, be the inverse limit with respect to m of the local principal units in
K(fop™) @k Ky =[1,), K (fnp™), (note that this product remains finite as n, m —
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oo) and U(f) = liglufn. Let Cj, be the elliptic units as in [19, III 1.4] and C(f) =
hin C;,,. Finally denote by

Ay = A(G(fn), D) = D[[G(f)]]
the Iwasawa algebra of G(f,) and by Ay, = liin A, = A(G(§p%°), D). Here we use D,

the ring of integers of the maximal unramified extension of K, to make sure that
all characters of finite groups of order prime to p have values in D.

Fix a place v of K(fp>) above p. Let H,, be the decomposition group of v in H'.
As in [19, III 1.3] we get for any character x of H' different from the cyclotomic
character on HJ,

3 X _ 71 A X _ 7 X — AX
(U(F) &D)* = lim (U, ©D)* = lim AY = AX,.
Let u(f,) be the measure defined in [19, IT 4.12] and v(f) = liin 1(fn). Then we

have for x a character of H' different from the cyclotomic character:
ATVX s ATVX s X _ ) X
(€& D)* = lim (€, &D)* = lim (u(F)An)* = (1) - Ac).
So we get as in [19, IIT 1.5] that
UG /CF)©D)* = (Aas/V(f) - Ao)™ = DIT1 x To]]/v(f)X
for v(f)X the x-component of the measure v(f) € A. We thus have
Proposition 6.1. With the notation as before we have for x # k on H),:
U(R)/C(f) ©D)* =D[T'1 x Ia]]/w(H)*.

In the more general situation F(E,») C K (fp"™) we have a surjection of G(fp>°) =
Gal(K(fp>))/K) onto G = Gal(F(Ep~)/K), which gives the following diagram

F(Ep~) —— K(jp™)

Trle—‘z TF1><F2

F(Ep) —— K(jp)

[ [
K K.
We view any character of H as a character of H' via the canonical map H — H.
Let U be the inverse limit of the local principal units in the tower F(E,n) and
C = NC(f) € U. Then one sees easily that (U(f) @D)X = (U ®D)X and that
(C(f) D)X = (C & D)X. So we get

Proposition 6.2. With the notation as before we have for x # k on H,
(U/C&D)* = U(f)/C(f) ©D)X = D[y x Ta]]/v(f)*.
Corollary 6.3. Let x = pok! and p—1 Ja+1+ 1. Then we have
USD)X " = D[T, x Ty

(/€D =DMy x Dol /(i)

—1

In particular

(U &D) @p (M) Bo, D))
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is a free D-module of rank 1.

Proof: For the the first two isomorphisms it suffices to show that under the con-
ditions of the corollary y ! is different from x on H,. But Ay = Gal(F(E,)/F) =
Gal(F(Ep)/F(Ep)) is a subgroup of H, since p is totally ramified in A;. We know
that pola, = K%, 50 we get o' - kA, = £ % a,, and this is different from
kaslong as #A1 =p—1 fa+ 1+ 1.

For the last claim we know that

(U &D) @p (M) Go, D))y = (UED) " @p (M) Goy D)), r,
= ((D[[Ty x Tof] @p (M) @06 D))y, o, = M(I) @0, D.
O

The measures u(f,) = p(fp™) have the additional property that they interpolate
Hecke L-series of imaginary quadratic fields:

Theorem 6.4. [19, theorem 4.14] Let f be an integral ideal of K prime to p, and
v(f) = lim u(f,) as above. Then there exist periods (2,€) € (C* x Cy)/Q* and
—

a Gauss sum G(e) defined in [19, theorem 4.14] such that the following formula in
Q holds for any grossencharacter € of conductor dividing fp>, and of infinity type

@ /g e(o)dpu(o) = Qj_k(%yc’(e)(l - ?)Lm,fp(e—l,o).

Here Lo g5 is the complex L-series with the Euler factors at oo but without the
Euler factors at primes dividing fp.

Let us recall the connections between measures and power series. Let v; be a
generator of I';, k; be the character of I'; giving the action on the torsion points of
the elliptic curve and u; be the image of 7; in Z,. We then have isomorphisms

A(Ty x Ty, D) =2 D[, Ts]] = D[[T1, T2]]

mapping a measure 4 to the power series

G = [ (4T (1 + T duta )

In particular we get
Gt~ 1,05~ 1) = [ ) dutar ) = [ wtna

Now let u be a measure in A(G,D) and x be a character of H. If we denote the
power series associated to the xy-component of p by G(x~1,T1,T3), we get

/%@w:/ RORbdp = G ul — 1l — 1),
g F1><F2

i.e. if we write an arbitrary character ¢ of G as k{x5x, then the power series
G(x~!,T1,Ty) calculates the integral of e.

By the interpolation theorem we see that G(x,u$ — 1,u4 — 1) is a p-adic inter-
polation of L(X/il_“n;b, 0) = L(Xlil{_a, —b), at least for 0 < —b < a.
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7. SPECIAL ELEMENTS IN K-GROUPS WITH COEFFICIENTS

We follow Soulé [23] for a construction of elements in K, (X, Z,).

In order that all Adams eigenspaces and K-groups for the motives involved be
defined, we assume from now on that for w > 1 the weight of our Hecke character
of K, d the degree of the extension F'/K and a fixed integer | > 0, we have

p>3dw+2l+w+ 1.

Then we can define Koy 1(X,2Z/p™)@ for X in M3 (k).

Let p, : X,, — X,_1 be a sequence of Galois coverings of finite dimensional
regular schemes with Xo = X. Denote the reduction of coeflicients from Z/p™ —
Z/p"~! by €,. Consider a sequence o = (av,) of elements «v,, € K,(X,,Z/p").

We say the sequence « has property N if it is an element of hin K. (X,,Z/p"),

i.e. for all n we have
€n O Ppx(n) = 1 in Ko(X,_1,Z/p"1).
We say the sequence « has property R if for all n
pi(an_1) = en(ayn) in Ko(X,,Z/p" ).

If the sequence @ = (a,) has property N and the sequence 8 = (5,,) has property
R, then the sequence a U8 = (a,, U B,,) has property N, as one sees easily with the
projection formula.

Let g, be the projection X,, — X. Then given a sequence o = (c,) having
property N, the sequence N(a) = (gns«(ar)) is an element in K,,(X,Z,). As we
just saw we can first form the cup product with sequence(s) with property R before
taking the norm to X.

Recall that F,, is the field generated by the p™-torsion points of the elliptic curve
E over F. Let A, be the abelian variety A xx F, = [[,co(E? xp Fy). By the
universal property of the Weil restriction, the p”-torsion points of A are defined
over Fy, in fact pn A, =[] cqpn (E7 XF Fp).

We construct the following elements in the K-groups with coefficients in Z/p™:

(1) From the universal coefficient sequence of K-theory we get K (F,,Z/p") =
E/p™. Any sequence (u,,) € lim F¥/p™ thus gives us a sequence in K (F,,Z/p™)
—
with property N.
(2) We similarly get

0 — Ko(Fn)D/p" = Ko(Fp, Z/p") D = pn K1 (F,) D = 0.

Here the left term vanishes because K(F;,)*) = 0 and the right term is iso-

morphic to the group of p™-th roots of unity ppn. So we get Ko (F,, Z/p™) V) =

tpn. An element of the Tate module (3,) € Z,(1) = lim ps,» then gives us
—

a sequence in Ky(F,,Z/p™)) having property R.

(3) According to Grayson [12], there are Adams operators on 1* which are com-
patible with the universal coefficient sequence. Choose k to be a primitive
root of unity mod p. Let A® and A(;) be the largest subgroup and quotient
of A such that ¥* acts like k, respectively. Note that K,(X)® = K, (X))
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We get an exact sequence

0 = K1 (4,) D /5" 25 K1 (A, Z/pM) D =5 pn Ko(A,)D S
Kl(An)(l)/pn ﬂ) Kl(An, Z/pn)(l) — p"KO<An)(1) — 0.
Via the identification
Ki(A4,)W /p" = K1(An) 0y /p" = F/p" = K1(F,)M /p" = Ky(F,,, Z/p™) Y,

we can think of a as being induced by the structure morphism A,, — F,.
But this map is split by the point 0, so the sequence breaks up into two
split short exact sequences, and we get a map

1 pn Pic Ay 2 pn Ko(A,)Y — Ky (A, Z/p™)W.
It is easy to see that an element (v,) of liin o PicA, = HY(A,Zy(1))
gives us a sequence (o) with property R.
We now take the exterior products of these elements:
On  Fy/p" @ HY (A, Z/p" (1) @ Z/p" (1) —
K1 (Fo, Z/p") D @ Ki(An, Z/p") V" @ Ky(F, Z/p") V' =
Kot a1 (AL, Z/p™) ) 222 Ko g (ha(An)®®, Z/pm) ot

Note that by the definition of F;,, the Hochschild-Serre spectral sequence, propo-
sition 5.3 and the Kuenneth formula we have the following equalities:

Fy/p" ® H' (A, Z/p"(1))*" @ Z/p" (1)
=H'(Fo, Z/p" (1)) ® H°(F,, H' (A, Z/p" (1))*" @ H°(F,, Z/p" (1))

= H (Fy, HA,Z/p" (1))2*(1+ 1))

=H (Fy B (i (An)” " 2/p" (w)) (14 1))

=HY T (hy(A,)®Y, Z/p" (1 4+ w + 1))

8. THE REGULATOR MAP

We will construct a regulator map from K21+w+1(MQ,Zp)(l+w+1) to a certain
Galois cohomology group and show that in the local situation the maps ¢, are
splittings of this regulator map (modulo some special cases).

Define the following maps using the map p from K-theory to étale K-theory and
the degeneration of the Dwyer-Friedlander spectral sequence:

En Kotrwr1(ha (An) 7, Z/p™) THY — HYH (h (A,)2, 2/p" (L + w + 1))
& Kot (i (A=, Z/p") T — B (hy (A)*,Z/p" (L 4+ w + 1)),

Lemma 8.1. The map ¢n, is a splitting of &, i.e. &, o ¢p is the identity map of
Hl(Fn,Hl(A,Z/p”(l))®w(l + 1))

Proof: First note that all maps are compatible with Tate twists, i.e. tensoring
with Z/p"(1) = HY(F,,, Z/p"(1)) = Ky(F,, Z/p"), so we may assume [ = 0.
The rational point 0 of A,, gives us a splitting of the sequence

0— Fr/p™ — HY(An, Z/p™(1)) — pn Pic A, — 0.
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We will denote this splitting by s. Our splitting ,» Pic A, — Ki(An,,Z/p") was
constructed via the point 0 of A,,, so we get the commutative diagram
o Pic A, —=— HYA,Z/p™(1))
K [pres
Ky (A, Z/p") Y —F— H'(An, Z/p" (1))

with s = pon. Taking the w-fold tensor product of this and tensoring with
HY(F,,Z/p"(1)) = K1(F,,Z/p"), we see that the left hand column of the following
commutative diagram is an isomorphism

HY(F,,Z/p"(1)) ® (n Pic A,) &Y
ln
K1(Fo, Z/p™) D @ K1 (An, Z/p") VoY sy Ky (AY,Z/p") @)

L L

HY(F,,Z/p"(1)) @ H (A, Z/p"(1))®* —2—  HWFL(A® Z/p(w + 1))

[ [

HY(Fp, Z/p"(1)) ® H' (h1(A), Z/p" (1)) —=— H“*'(ha(A,)®", Z/p"(w + 1))
HY(F,,Z/p"(1)) ® yn Pic 4, —=— HY(F,,HY(A,Z/p"(1))®"(1))
Observing that the right hand column is the map &, o ¢,, we get the lemma. O

As p is compatible with decomposition into Chow motives, we get induced sur-
jections

K2l+w+1(MQ XK FnaZ/pn)(Herl) ﬂ Hl(anmn(l + 1))
which are split by ¢, o C ¢,. We thus get a map

¢n, n w T n w
HY(Fp, M, (141)) =22 Koppwsr (Mo x g Fr, Z2/p™) 0D T Ko ir (M, Z2/p™) et D),

As the Galois group G = Gal(Fy,/K) acts trivially on Koy 1 (Mg, Z,) 0+,
the inverse limit of these maps factors through the coinvariants of G, and we get

ba : (1131 HY(F,, My, (14 1)) 5 — Kopswi1 (Mg, Z,)HetD),
On the other hand, the inverse limit of the maps £/, gives us a map
1ot Koppwi1 (Mg, Zy) 0t — HY (K, M1+ 1))).
Let G, = Gal(Fx,,/Kp), then we get in the local situation:
P (hngl(Fn,wimn(l + 1)) g, = Kotrw1 (Mo Xk Ky, Zp) T
rap : Korpwi1 (Mo X g Kp, Zp) 0T — HY (K, M1+ 1)).

We obtain the following description of the composition of ¢, with the regulator
map 7, as in [23, lemma 4.3]:
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Lemma 8.2. The kernel (respectively cokernel) of the composition

(B ' (Fy, M (14 1)), 220 Ko rwsr (Mo X g Ky, Z,) e+

g

T (K, 4 1)
is contained in the Pontrjagin-dual of H*(G,,eq - Az (=l — w)) and H(G,, eq -
ASL(—1 — w)) respectively.

Proof: Let F;, , be as above the field obtained by adjoining the p"-torsion points
of F to K,. We get a commutative diagram

H(Fpyy M, (14 1))

Jr(bn,ﬂ

Kotrwr1(Ma X Fopy Z/p") —— Koppwi1 (Mo x i Ky, Z/p") 0+

Jrfn,ﬂ Jréil,ﬂ
HY(F,,, M, (1 + 1)) _cores, HY(Kp, M, (L+1))

By this diagram and the last lemma, we see that the map ry, o ¢, is the inverse
limit of the composition of the isomorphism &, o o ¢, o with the corestriction map

cor : HY(Fp ,,, My (1 + 1)) — H' (Kp, My (1 +1)).
As in the proof of lemma 5.6 we have
Hom (Hl(M, Z/p"(l)),Z/p"(l)) = Apn
and thus
Hom (H'(M,Z/p"(1))%",Z/p" (1)) = AS¥(—w + 1)
as Galois modules. So we conclude that for
My, = eq - H (M, Z/p"(w)) = eq - @H" (M, Z/p" (1))
the dual is given by
Hom (M, Qp/Zy(1)) = eq - A?nw(—w +1)
and thus our map is by local duality dual to the restriction map
1131}11(1(,,, eq - ASY (=1 —w)) — 11§1H1(FW, eq - A5 (=1 — w))
which is the same as
HY(Kp,eq - AR (—l—w)) — HY(Fo,eq - ALY (—1 —w)).

But this fits into the Hochschild-Serre spectral sequence of the Galois extension
Foo/Kp:

0= H'(Gy,eq - AZY(—1 —w)) — H' (K, eq - AZY(—1 — w))
= H' (Fo, e - A (=1 — w))% — H?(Gy, eq - AS¥(—1 —w)),

and the lemma follows. O

Lemma 8.3. The group H*(G,,eq - A% (—1 — w)) is zero. The group H'(G,, eq -
AR (—1 —w)) is finite and zero unless | +a =0 or [ +b=0.
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Proof: We have G, = H, xI'1, xI's, where p f#H, and Ty, =T, = Z,. On
the other hand we know that M := eq - A% (—1 — 1) = T /Or, (as groups). From
the Hochschild-Serre spectral sequence we see that H'(G,, M) = H°(H,,, H!(I'; , x
I3,,M)). Since Z,, is procyclic,
HO T, ) =, HY(O,M =Ny, HY(D,MN) =0 for i>2.

The spectral sequence for I'y , x I'p ., gives us

HY(T'1,, % Dy, ) = 92 @ N1

HQ(Fl,V X FQ,V) m) = mrl,u X2y

Lift the operation of I'y, and I's, on Tn/Or, to an operation on Tq via
Yz = x(v) - x, where x : I';, = Of gives the operation of I';, on 9. If T,
acts nontrivially on 0, then x(y) # 1 for a generator v of I'; ,, so 7 — 1 acts non-
trivially(and thus bijectively) on Tq. But then it acts surjectively on T /O, =N
and it follows 9, , = 0.

Observe now that I'; acts on 0 like pq - kK~ = Hl_b_l while I'y acts like
oo - kTITY = n;a_l,where k is the cyclotomic character, and ki, ko are as in
section 4. This is nontrivial for a +1 # 0 and b + [ # 0 respectively.

Since we assumed w > 0, either ¢ > 0 or b > 0 and we conclude H2 = 0. If I';
and 'y act nontrivially (i.e. I +a >0 and [+ b > 0), then H! = 0 as well. O

l—w

Recall from section 6 that & and U, is the inverse limit of the local principal
units of £, , = HVIP F,., and F,, , respectively, for a fixed place v dividing p. Then

U is a compact Z,[[G]]-module and we have U = Indg"ul, as G-modules.

Lemma 8.4. The composition

UMD Zy(1))g 22 Kopywsr (Mo x5 Kp, Z,) 0D 225 YK, (I + 1))
is a monomorphism and an isomorphism unless a +1 =0 or b+1=0.

Proof: This is a reformulation of lemmas 8.2 and 8.3, see [23]. O

9. THE MAIN THEOREM

Recall from section 5 that we associated to the Hecke character ¢ of weight w
of the imaginary quadratic field K a motive Mg with multiplication by Oq. The
motive Mg was a submotive of 1y (A)®™”, A an abelian variety of dimension d, and
M = HY(Mgq, Z,(w)) was a free Og-module of rank 1 on which the Galois group
of K acts like pq : Gx = OF.

Let R be the regulator map obtained by localization
Kotywi1(Ma, Zp) 0D o Koy 1 (Mo X g Ky, Zp) 04D 225 gLK, 9N(141)).
Theorem 9.1. Letp >3dw+2l+w+1,a+1>0and b+ 1> 0. There exists a
submodule

V C Koppwi1(Mg, Z,) e tD
such that the length as an Oq-module of the cokernel of the requlator R|y, restricted
to V equals the p-adic valuation of the p-adic L-function

Glpar!,uT = 1uy "=t —1).
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Proof:
Let C be the elliptic units of section 6 and V be the image of C under ¢ in
Ko w1 (Mg, Zp)(l“”“). Consider the following commutative diagram:

[e3%

CoMeZ,(l)g  —— UM Zy(1))g

s [

Koprwi1(Ma, Zy)HwtD £, Koppwi1(Ma X i Ky, Zy,)Fw+D

HY(Ky, M(1+ 1))

Here the map « is induced by the diagonal embedding of C into &/. We proved that
the composition 7, o ¢y, is an isomorphism of free Og-modules of rank 1 as long as
a+1>0and b+1> 0. So it suffices to calculate the cokernel of a. If we want to
use the results of section 6, we have to tensor over Og with D, the ring of integers
of the completion of the maximal unramified extension of T, and complete this.
But since tensoring with D and completion is exact, the length of the cokernel of «
remains unchanged. So we want to calculate the cokernel of the following map
((C ®D) XD (f)ﬁ(l) ®OQ D))g — ((Z’{®D) 0] (gﬁ(l) ®Osz D))g

Now recall the decomposition G = H xI'; x I's and take H-coinvariants first (which
agree with H-invariants, as p J#H). Since H acts on M(l) @, D via x := ¢q-&!|x,
the cokernel equals

((U/C ®]D))X_1 @p (M(1) ®o, D))Fl xT'y

= (DICy, Tell/uG) " @p (M) Goq D))y, o,
= (DHTh Tl]]/G(X’ Ty, T2) Y] (E)ﬁ(l) ®OQ ]D)))Fl xT'y
= D/G(Xau;ail - 17u27bil - 1)

Here the first equality follows by corollary 6.3, because the hypothesis implies p—1 >
a+ 1+ 1. The second equality is the transformation from the measure u(f)x_1 to
its associated power series. The last equation follows because I'y x I's acts via
0o - k' = kST RST on the free rank-1 D-module M(1) @ o, D.

But the length of the last module is v, (G (x, u7* ™ — 1,uy =" — 1)). O

Remark: 1) If a+1=0or b+ =0, then the length of the cokernel of Ry equals
# cokerrq p © ¢ p times the valuation of the p-adic L-series in the theorem. This
follows because by 8.2 and 8.3 the composition g, o ¢q,, is injective, so we have

# cokerrg p o B o ¢ = # coker av - # cokerro p 0 ¢ p = # cokerrg p 0 Pap © a.

2) If G vanishes, the cokernel is not torsion.

3) We used the fact that 9t is an Og-module to tensor it with D over Oq.
If we had tensored over Z,, i.e. calculated the length of the cokernel as a Z,-
module, then we would have obtained an extra multiplicity f = deg(Oqn/Z,). The
formulation here looks more natural. However we will need this multiplicity in a
later application. In any case the cardinality of the cokernel is p?»(G)f .
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Corollary 9.2. a) If p > 3dw + 2l +w + 1, then
rankz, Koiwi1(Ma X Ky, Zy) 0D > f = [T : Q).
b) If in addition G(x, Ty, Ts) does not have a zero at (uy® ' —1,uy "' —1) then
rankz, Koiyuwi1(Ma, Z,) T > f = [Th : Q).

Proof: a) Consider the commutative diagram of the previous theorem. Then the
claim follows from the fact that ¢q , is injective and that (U @ M @ Z,(1))g is a
free Og-module of rank 1.

b) Follows because « is injective with finite cokernel (so (C @ M ® Z,(1))g is a
free Og-module of rank 1) and ¢ is injective because o and ¢gq ,, are injective. O

Remark: It is expected that G does not vanish and that we have equality in the
corollary.

10. THE CASE OF AN ELLIPTIC CURVE

We want to recover from the results of the previous sections the case of an elliptic
curve F over a field F/K with complex multiplication by Ok, i.e. w = 1.

In section 5 we constructed a decomposition Ry, xhi(E) = ©oMgq and proved
the main theorem for the motives Mq. In the case where w = 1 we have (aq, bg) =
(1,0) or (0,1). Furthermore we see

P Kar2(Mo, Z,)) = Koo (i (E), Z,) ") C Koiyo(E, Zy)
Q

and
P H (K, Mol + 1)) = H' (K, H' (M, Z,(1))(1)) = H' (K,, T,A(l)),
Q

which is a free Op ® Z,-module of rank 1ifp—1 fl+1and p—1 fl + 2.
By taking the direct sum of theorem 9.1 for all €2 and observing that a and b
run through the values 0 and 1, we get the following:

Corollary 10.1. Let E be an elliptic curve over F', 1 >0, p > 3d + 2l + 2. Then
there exists a submodule V C K21+2(h1(E),Zp)(l+2) C Ko42(E,Zy) such that the
index of the requlator map R|y, restricted toV equals p2vefe where vg is the p-adic
valuation of G(cpg/sﬂufafl — l,ugbfl — 1) and fq is the degree of Oq/Zy.

Let us discuss the decomposition R/ xh1(E) = ©qMq in more detail:

If A = Rp/xFE has complex multiplication by T, and T splits into a direct
product T' = [] T, then each Q corresponds to a fixed place 9B above p of one of
the fields T, and Mgq has multiplication by Or, g = Oq. On the other hand, we
have the 2d = [F': Q] p-adic grossencharacters

SOAZIK—>IT—>(T®QP)*A>(C;.

If we restrict ourselves to the places above p of T', then we get d characters inducing
k1 on Gal(Fyx/F) and we similarly get d characters inducing ko on Gal(Fuo/F)
arising from the complex conjugate Hecke character ¢, see section 4.

Note that this is in analogy with the complex situation, see [11, par.4]: There we
get d grossencharacters for each of the embeddings T ® R < C inducing the fixed
embedding of K and d characters inducing the complex conjugate embedding.
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In the previous sections we fixed an embedding A for each factor T, o, but as
noted after the main theorem, we obtain a multiplicity f = [T : Qp] to correct
this. Observe also that two different ¢, coming from the same T differ by an
automorphism o of C,. But we have [ o(¢x)dp = o( [ padp) and v, (o ([ prdp)) =
vp( [ Ad,u). Thus the v agree for different choices of A and the multiplicity fq
corresponds to the different choices of A for a given €.

We see that p=vefe equals p> v, where vo,» now runs through all p-adic
grossencharacters induced by ¢.

Theorem 10.2. Let E be an elliptic curve over F, 1 >0, p > 3d+ 2l + 2. Then
there exists a submodule

V C Kopo(hi(E), Zy) " C Koy o(E, Zy)

such that the index of the requlator map R|y, restricted to V equals p¥, where v is
the p-adic valuation of

[TCrr ur ™" = Luy! = 1)G(part uy = 1uy '~ — 1),
A

The product runs over all C,-valued characters arising from ¢ inducing p of K.

Remark: 1) The product of the p-adic L-series is a p-adic analog of

2) As in the previous section we get the following partial result:
If I = 0, then the index of the regulator is greater than or equal to the p-adic
valuation of the L-series.

Corollary 10.3. a) We have for p > 3d + 2] + 2
ranky, Koyio(E x g Kp, Zp) "2

= rankg, Ko 2(E xp Fp,Z,)"" > 2d = [F : Q]
Plp

b) If in addition none of the L-series in the theorem vanishes, we have

rankz, Koii2(E, Z,)"™ > 2d = [F : Q).
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