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FIGURE 1. Classification of modules and subgroups of quantum SU(2).
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FIGURE 2. Classification of modules and subgroups of quantum SU (3).
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FIGURE 4. Classification of modules and subgroups of quantum SU (4).
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FIGURE 4. Classification of modules and subgroups of quantum SU (4).
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Classification of

quantum subgroups
of quantum SU(2)
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Quantum Symmetry for
Coxeter Graphs

e Quantum Symmetry for Coxeter Graphs

e Chiral diagram
 Ocnheanu Graph
(Coquereaux, Schieber,
Trinchero)
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Classification of subfactors
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Classification of connections on the Dynkin diagrams
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Strategy : How to find all K-K
irreducible connections

e Extend Kauffman—Lins’ recoupling theory

e Define double triangle algebra (DTA) with
convolution product (= finite dim C*—algebra)
 minimal central projections
e irreducible * -representations of K-K DTA
 irreducible K-K connections

e (minimal central projections of DTA, * product )
= a system (FRA) of K-K irreducible connections
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Wenz| projectors and essential paths
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Essential paths

Figure 22: Essential paths on the Coxeter graph As



Figure 24: Essential paths on the Coxeter graph Dy



Figure 25: Essential paths on the Coxeter graph Dg












Figure 30: Essential paths on the Coxeter graph Eg (2)
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double triangle algebras (DTA)
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Strategy : How to find all K-K
irreducible connections

e Extend Kauffman—Lins  recoupling theory

e Define double triangle algebra (DTA) with
convolution product (= finite dim C*-algebra)
 minimal central projections
e irreducible * -representations of K-K DTA
 irreducible K-K connections

e (minimal central projections of DTA, * product )
= a system (FRA) of K-K irreducible connections
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Strategy : How to find all K-K
irreducible connections

e Extend Kauffman—Lins  recoupling theory

e Define double triangle algebra (DTA) with
convolution product (= finite dim C*-algebra)
 minimal central projections
e irreducible * -representations of K-K DTA
 irreducible K-K connections

e (minimal central projections of DTA, * product )
= a system (FRA) of K-K irreducible connections






Correspondence
between connections and
*—representations of DTA




Extension of recoupling

K : one of the D/nki‘m di‘oamm An.Dn. Bs 2.9
(A ) : DTA.  finite dim (*alg

| el Jel

AT A = D (wef)p A (s A

L N/
EX»%W AN
K< K

ex Tenston o‘)ﬂ recmp/z'ng




Correspondence between connections
and *-representations of DTA

Theorem

There 1s & one-to-ohe CO Wrespcmdemce

petween UNTBry equivalence closses of

Irreducible matvicial ¥ -representation e

D{'\ Fhe Kl DTA and ecgmm(emce
clossee CﬁD Wreduable K~K b{-umtary
_(,Qnrle_cnmg_,



K<
(?rno‘?) (Fiven comection W 2, { W \ 8

Define o map QES.:,@ on HPathi< L
D HPath™ K by .

x $§ 4
ks 8 —— 2 1w
W J 9 2
Fedi, e %W(lTjﬁ) g
e HPath™K
Properties 515:; (Ck(3)) = Ck (3?50(:;(5‘))
')@:g{o{?(i)"?ﬁpﬁ(?) =¢dﬁ(gqu

Cr: k-th O,Kﬂ[h”&ﬁﬁlﬂ D'FL‘_’VOTW
o : Concatenotion




- R . 3

(I )] 2w ((j)

L 2 N w a
=-<¢d 3.1 (om)
= %gdtg (&) g Fd-(a?.) = ;'Soca—(a *O‘-’-)

+ Renormalizotion rule = @ Preg‘evv:@




Convevs:ely gwen X-vep d of (534 X )

X ?‘at
W (cxu [ o
2 W

Iy

homomorphism

- Pms;ervfrtg_ X

)dm“

==

bi- i tar ity
remrrmaf ( 2atlon



Comuaky. The minimad centval ijecﬁ‘ms
Di of the K-K DTA correspond to the two

mamally Cmp[ex Cmmjmgate Ec:-am‘m"/
Connections on Kjk | (Ke(A.D.E})
K
In P&rﬁculav ]D?'r =P when K=An
AN _E\ /+§\/
DRI
/—g\ /+s\'/
SN0 N N




Corollary  The Lision rule afdefwa of
K-K bf—umi‘lury connectione S  ISomo rphi“c:

to the Center % of the K-K DTA
(ﬂ :*) Wﬁ'b\' , Pr‘mdﬁ_ict | ( 3) . \r .






Strategy : How to find all K-K
irreducible connections

e Extend Kauffman—Lins  recoupling theory

e Define double triangle algebra (DTA) with
convolution product (= finite dim C*-algebra)
 minimal central projections
e irreducible * -representations of K-K DTA
 irreducible K-K connections

e (minimal central projections of DTA, * product )
= a system (FRA) of K-K irreducible connections







Classification of
irreducible bi—unitary
connections
on the Dynkin diagrams




Classification of
irreducible A—K connections
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Global index for a system of connections
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Classification of
irreducible K—K connections
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QUANTUM SYMMETRY FOR COXETER GRAPHS
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Classification of

quantum subgroups
of quantum SU(2)
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QUANTUM SYMMETRY FOR COXETER GRAPHS
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Classification of quantum subgroups
of quantum SU(2)

Corollary We have the Following subeguivalent
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From Ocnheanu Graph to Modular invariants
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Ocneanu Graph D ¥&

OcneanuD A FILDFE

Connection (bimodule) @) system (fusion rule

algebra, B8L TFRA ) IZKDFE

= A (1)

SU(2) Wiz E (modular invariant M E)

SU(N) (N=3) DIZEI(FE, sUQR)&KYEH T
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Ocneanu Graph DiF=A (2)

Boeckenhauer -Evans-Kawahigashi [Z&AH %

Sector MFRAIZKD.

Conformal Field Theory (CFT), WZW model,

confomal inclusion

Braiding, a-induction

Modular invariant

SU(N) (N=3) T

== /=

1T

A[ HE




Braiding, a-induction

a unitary operator (A, u) € Hom(Au, ui)

Definition 2.2. We say that a system A of endomorphisms is braided if for any pair
A, 1t € A there is a unitary operator €(A, u) € Hom(Aw, ur) subject to initial condi-

fiomns

e(ida, n) =e(r,1dy) =1,

and whenever t € Hom(., uv) we have the braiding fusion equations (BFE’s)
p(t)er, p) =¢e(u, p) u(e(v, p))t,

te(p, r) = pe(p,v))e(p, n) p(t),

p(H)*e(, p) u(e(v, p)) = ek, p)t*,

t* u(e(p,v))e(p. ) = e(p, A) p(t)*,

forany A, u, v € A.




Braiding, a-induction

e(ida, ) = (A, 1dy) = 1,

p(t) e(r, p) = e(, p) ne(v, p))t,
te(p, ) = p(e(p,v))e(p, 1) p(t),
p(1) e, p) u(e(v, p)) = e(k, p)t*,
t* u(e(p,v))e(p. ) = e(p, A) p(t)*,

e (A, ) = (€T (M) , et (1, A) = (i, 1)

o5 = i lo Ad(e™(A,0)) oA oL.




Problem N-N, N-M, M-N given = find M-M
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Modular invariants

we define a matrix Z with

ot o)
entries Z; , = (a, , {:H‘u), AL E NAN.

C b ﬂ/)
dpd,
Ly = Z wd;::;/_,{, o, I o
b.c
D

Graphical representation of Z; ),




A vertical projector g,

Theorem 6.8. Under Assumption 5.9, the vertical projector g, , is either zero or a
minimal central projection in (2, *y). We have mutual orthogonality q; . *v @y 0 =
8.0 g, and the vertical projectors sum up to the multiplicative identity of
(Z),, *y): ZA,MGNXN qn.. = eo. Moreover, g, , = 0 whenever Z; , = 0 and oth-
erwise the simple summand q;, %, Zy is a full Z; ,, x Z, ,, matrix algebra, where Z,_,,
is the (A, )-entry of the modular invariant mass matrix of Definifion 5.5.
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Ocneanu Graph DiF=7A (3)

Coquereaux, Schieber, Trincheroio M A%
BRI 75 % (FRA DFEXT TV ILEE, weak
Hopf algebra (quantum groupoid), 1755t &)
Ocneanu Graphl 2R #BEREEDEKR DT
IEENd.

SU(N) (N=3) DIEEIZEH (SUQ)KYIEHT=HY)
EITHAIEE.

(SU(2)D 1% E) Modular invariant, toric matrix
HELBRIZERINS.






Classification of quantum subgroups
of quantum SU(N) (Ocneanu)

* First row of modular invariant = Gap

 Gap [ZI& level [IZ&B7ELY uniform bound HY
HB.

 Exceptional case [ level [ZEEHIL T Gap A
RE1ED. 3

e SU(N) Mexceptional graph (E series) [Z[&
level D ELERBY/INSUNECAIZLHVELN.

e (cf. Ganon METHE level < 10000 )
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