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1. Gromov-Witten invariants
& Topological Strings

- String Theory

String theory is a quantum mechanics of 1-dimensional objects propagating
the so-called target space X . We call the 2-dimensional surface which string
sweep out "world-sheet”.

&0

Thus, a map from a worldsheet to the farget space gives a configuration of
the string.



In order fo introduce the quantum theory quantity, we use the Feynmann

path integral.
> exp(~5[f]) >

A IS Lig X

Let us consider a string model whose target space is a Calabi-Yau 3-fold and
the action is

SA — / d22\/GG g™ 0, X 8, X7 + i’ 8, X 9,XT + ...
29

o Vo x] /2 X* (w)

v

SUSY localization OEX": — (‘9z)(z =0

Thus A-model topological string theory counts holomorphic maps f from
worldsheets to the Calabi-Yau.

Fgi= Z )

hol. maps f



- Topological Strings & Gromov-Witten invariants

Thus we can introduce the A-model topological string amplitudes and Gromov-
Witten invariants for Calabi-Yau X

o E =it
Fg == N, >€
2EH, (X,Z) & _ Gromov-Witten invariant
= R Yo SR )€

Z = exp Z e med s
g=0

h : topological string coupling constant

—

):..5 >(



- Gromov-Witten invariant : mathematical(algebraic) definition

The definition of the invariant is given by the virtual fundamental class of the
moduli space of the stable maps. ( In this talk, we dont use this definition )

Mg | 1
[MQ (X’ﬁ)]vir

= deg[mg (X, 6)]Vir

M, (X, B) = {stable maps (f, )| f.([Z]) = A € H2(X,Z)}

e |ocalization
®* mirror symmetry



Example : (O(—3) — CP? [Chiang et.al. ‘99]
[Klemm-Zaslow ‘01]
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not integers but rational numbers !!




Thus topological string theory is constructed as a model of strings which
propagate on Calabi-Yau 3-fold. In general, it is very hard fo get the full
partition function via straightforward computation. However, for the certain

class of Calabi-Yaus, we can compute the partition function exactly using
string dualities !

Example : topological vertex



2. Gopakumar-Vafa invariants
& M-theory

- Modern “definition” of topological string theory [Gopakumar-Vafa ‘98]

Topological strings
on X »

Topological strings count degeneracies of wrapped M2-branes (solitons)

Type IIA superstrings
(M-theory)

i Counting the BPS(stable) state
o= Z Ng,z€ e coming from branes wraps on

el ) cycles of CY

Labels (quantum numbers) of these particles are 3 € H*(X,Z) and SO(4)
Spin (jLajR)

N (.]L 7JR) :
B : # of these particles



Diagrammatic computation implies that these wrapped branes gives the
following contribution to the free energy

=8

1-loop amplitude of BPS particles
multiplicity coupling to the background field

M= Z S: S:log det(jLajR) (A e m(E,n)2 +2m(2,n) OL F“|‘)

Y€H2(M,Z)n€Z J1,,)R \
- Z S:S:NéL ( 1)—23L e—kTE ;72—3L . : F_I_ — —h
>EH>(M,Z) k=1 jy, k (q = )

IR
s e change of representation
wansniys— > NG5 S DOy (/08 S0
e g=0

Gopakumar-Vafa invariants



Proposal [Gopakumar-Vafa '98]

D=2
F(h,t) = Z Z Zn%é (2 sin %) : s L

920 3€H?(X,Z) d>1

— Z Z hQQ—QNge—W,t)

920 BeH?(X,Z)

|BQQ|n% g_ 2 =i g
== e : 16
Pl zﬁ: <2g PR —=ng" +nf | Lig_2,(Q”)

This expression solves some problems of the Gromov-Witten invariants
Example : genus zero

Q15 primitive curve 3 € H*(X,Z)

Fot)=) m3) ~5 \ 4

G d=1 multicovering d3 with weight 1/d"



- Geometric Representation of Gopakumar-Vafa
Moduli space of wrapped D2-branes consists of

® U(1) gauge field living on branes
I

flat connection on ¥, =3 JaC(Eg) = T“9

e moduli space of geometric deformations of >, inside
the Calabi-Yau

Calabi-Yau

— Mg,d

the moduli space
of deformations



-3 The degeneracies of bound states of wrapped M2-branes are extracted from
the Hilbert space H*(M, 4) x H* (TQQ)

SU(2)r SU(2)r \ [(1/2)@2(0)]®9

These cohomologies have SU(2) actions (Lefshetz action)

The Hilbert space is graded with SU(2)r R-charge. We take trace over
the charges with sign.

Let us consider curves inside the C-Y mfd in class X = Z d;[3;]

Then the Gopakumar-Vafa invariants are given by <

ngl = (_l)dimMg,dX(Mg,d)




Example : (O(—3) — CP? (local P?) revisited

branes wrap a degree d curve inside P2 . Let us introduce the homogenerous coord.
of P?: x, y, z. The curve is a zero-locus of the following polynomial

E Wi 'y 28 =0

1+j+k=d
ik © C
moduli space of these curves is
d(d+3)
{ a;jr }/ rescale by C* EP==
e /
d+2V“2 —
: 2 (d—1)(d - 2)

genus-degree formula implies g =

2

(d—1)(d—2) = (_1)d(d—|—3)/2 (d+1)(d+ 2)
2

ST g e



3. Geometric Transition
& Gopakumar-Vafa invariants

- Local Calabi-Yau manifolds & toric Calabi-Yau manifolds

toric Calabi-Yau : Local models of Calabi-Yau manifolds
(describe the structure in neighborhood of singurarity)

* Geometric engineering

AdS/CFT

ADE singularity
c » ADE gauge symmetry



- Toric Calabi-Yau manifold

o (1

<~ = ‘Z‘ezg T1(9) fibration over R(|Z|)

fiber

=

—



(0,1)

(1,0)

(_17 _1)

We are focusing on T2 -action

are+0rs . Xo" —1 —itx+1
P e e e e s e o )



® Resolved conifold (’)(—1)@ (’)(—1) -

A A A A A
w(f =0 > (B ()0
Bl Bz Bl B2 )\2

conifold (singular) resolved conifold

A BeC



(’)(n) = e ——

ZN
19} {z} ¢s = (2n) " ON

- Geometric transition
SS
D-branes
—

closed A-model on open A-model on
resolved conifold deformed conifold

——> Chern-Simons theory
[Witten, ‘93]



- Symplectic quotient

N
toric date U; € 7 —) QS’ = s.t. ZQ
it
N+3
e moment map G2 = Z Q;-L|zj‘2
)

e G=UQ)YN z; > €2 Qlaa ,

Z Q‘ZL = (0 : Calabi-Yau condition
J



Calabi-Yau condition

toric date

toric diagram

dual graph

web diagram



= =
SUMMARY Fg = Z Ng’ze =
XEH2(X,Z)

* 2g—2
= D D nh= (23111@) —d(B.w)

9>0 BeH2(X,Z) d>1

toric Calabi-Yau 3-fold

a Chern-Simons theory
knot theory



- large-N duality as gauge/gravity duality

‘tHooft's idea

amplitudes of . |
gauge theory —) stringy genus expansion

F = log Z &1&°
= Z h29_2>\2'g_2+th,h AN\=hN

g,h
o= Z hQQ_QFg(A) = longtring !?
9

Let us study SU(N) Chern-Simons theory as the gauge theory.

N=1

ik e
2 gin?y 7
j=1

(k+ N)N/2

ukic
k+ N

ZCS(SB) =



Let us introduce the following parameters

== LT t__27TN
S -~ k+N
—1)9| By, Bao, B
() = (=1)?|BagBag—2|  _ |Bay|
> 29 (29 — 2) (29 — 2)! g (29 —2)! d3 29

d>1

This recovers the G-V invariants for resolved conifold ([Faber-Pandharipande]) !!

ng = 04,0081

* mechanism behind this phenomena : geometric transition

C-S theory 3
S

N branes

Lesson : Thus the Chern-Simons theory “computes” the G-V invariants !



- G-V partition function for conifold

d\*"" _ua
Z Z Znﬁ (251n—) e )

g>0 BeH?(X,Z) d>1

o] n% — 5970 55’1

d

e FZ

(q¥/2 — g—/2)2

=) —log(1—Qg™)"




4. Topological Vertex Method

- Topological strings on toric Calabi-Yau manifolds via topological vertex

The topological string amplitude for a simplest foric Calabi-Yau manifold
(conifold) is given by the Chern-Simons theory.

We can apply the geometric transition method to more complicated toric
geomeftry.

The resulting rules for computation collect into a systematic formalism. This
IS the topological vertex.



- Topological Vetex & toric Calabi-Yau manifolds

How to compute topological string amplitudes for toric Calabi-Yau manifolds ?

S

\

Locally they look like a conifold

\4

Geometric transition enable us to calculate
these amplitudes using Chern-Simons theory

==3 Topological vertex [AMKYV, ‘03]

1. Decompose a toric web-diagram into vertices and propagators

2. Assign Young diagrams for each edges of these parts

N:{“iEZZO|U12H2>“-}

3. Glue them to get topological string partition function



e

A Decomposition of toric web-diagram

Blocks

° [ : trivalent vertex . . . local C3patch = C'y .0

A\ vertex function

e ——— cedes ... CP =— fu(Q)n(_1)|“|€_t|M|5ﬂv vt

framing factor & propagator



framing number

toric diagram

-------------

w

web diagram

framing number

n = det(w, w")



We assign Young diagrams for each
edges of these parts

p={M; € Z>o| M1 > Mgy > ---



o \f, (q)) framing factor

o (—1)'”'6_|V|t propagator

Gluing along a leg is done by the following procedure

Z e T Z C’)\uu(—l)lyle_th/'(fu)nCA/”/Vt © o o

== =

vertex function propagator framing factor

Cou (@) = g%+ /%5,:(q™") Z sxt/m(@ "7 P)sum(a™" 7°)
7



- Conventions

Cou (q) = g%+ /%5,:(q™") Z sat/m(@ "7 P)sum(a™" 77)
n

S
q > I; q e

g H P > ;= g Hiti—3
B> =
() 7

= ) lp P 100

= Zmz = ZM§2 ==—1lvyl
0 J



- Schur functions




Ex: Conifold

Z =) Cpp(—Q)"Cpput

=3 5.(a ") (=Q) s, (q™*)

= || @ -Qg¢")"

Formulae

Z S H (1 + z;y;)

H 'iaj




- Duality to Crystal melting [Okounkov-Leshetikin-Vafa, ‘04]

1 | 4
L
A
C3 -patch melting crystal corner
Plane Partitons
grand-canonical ensemble melting crystals topological vertex !

ZA,;J,,V: Z e—h#(boxes) oN

crystals

1 —
s it

s by V

h



- Geometric Engineering [Igbal-KashaniPoor, '04],[Eguchi-Kanno, '04]
[Konishi-Sakai, ‘04],[Zhou, ‘04]

Local Hirzhebruch : K — P! x P! — su(2) gauge group

1
IP)ﬁber
IP)l

base

E QF|”1|+|H’3| QB|“’2|+IH’4| q_K’Ml /2 ‘I_"/"'u,z /2 _H'p,3 /2 _'4';1,4 /2
“’19“’27“’37“’4

X Coppypat Cppgtpgt Cugy ppg Coppy pst

s Z QB|“2|+|P"4| q‘l‘liuz /2 —l’x',u4 /2 KIJJ4 e (QF) Ku,zt [,l,4t (QF)

,"l’2 ,,"l’4



~
S
|

ZQF|>\| q— Kx /2 Cqﬁ}\[,l,t Cyt At &
A

50t (479) 3,(47) Y QP sa (@) sx (a9

= gl /22 2 (g) Z,(a) ] 1

= S R
ol ¢ 1 QFq :

== t12 = —1 t12 ~
$,(q7°) = qll#117/2 H (1 — ghw(8)) ~ = qlln’II"/2 Z,,(q)
s&cu

Let us extract the instanton part from the above partition function

Z(Qr,QB) = Z°"“(Qr)Z™" (Qr,QB)

- - 2

= 1
Zpert.(QF) — Kd)d) (QF)2 = H

= ok
Tk 1 QF 9




Then we obtain

ins v < vi|1?2 5 ~ ~ — - s QF q+i+j_1
Z2*(Qr, Qu) > Qpt TGRS, () Z,s (a) Z.(a) Zot (@) -H1 e
v Topifi=

Identification with gauge theory parameters
G e e e

Under this identification, this topological string partition function is precisely the
Nekrasov partition function of SU(2) gauge theory on R* x 515

Zinst. =2 Z 4k(6_’8a6A)4k

k=0 :
X Z Wj(q)WEt (q) H (1 = 6—2[3(2a—|—nh))_20n(u,y )
||+ |v|=k ne?

W.(q) = su(q”)




5. Instanton Countig

- Seiberg-Witten theory

A a section of SU(N) principal bundle P(SU(N), M*)
N e >V adi R0 S
OV d )

N = 2 vector multiplet

Low energy effective action of N =2 gauge theory is solved by Seiberg-Witten
prepotential

el

Seiberg-Witten solved this theory by introducing an auxiliary elliptic curve to
describe the prepotential.

What is the origin of the prepotential from the perspective of instanton
computation ?2?



- Nekrasov formulae [Nekrasov, '02]

Nekrasov gave the generating function of Seiberg-Witten prepotential via instanton
caluculus

ZN*(a, A, h) = exp » h*972Fy(a,A) . Fola,A) = ES N N

g=0

In general, Nekrasov formula has two parameters h — €71, €2

It is given by a character on the instanton moduli space

M(N,k) moduli space of ADS connection (instanton
of SU(N) gauge theory) on R* ~ C? with

/ CQZk
R4

A(N, k)  holomorphic functions on M(N, k)
representation space of
S e e e

G (e e to B eR Bee Y



Z(@,A e1,e2) = Y A*Nch A(N, k)

A2N:|Y|

—

ZinSt (57 A7 €1, 62) — Z
N, S
7 ajs=1 nap(@ e e)

0} 5@ e1,e2) = M gyev, (v (961 + (ava (i) + Dez + a — ap)

X H(i,j)eYﬁ((lYa (7/7]) T 1)61 — Ayy (ivj)GZ T Qo — aﬁ)



Recall that the partition function is precisely the topological string partition
function of SU(2)-geometry for €1 = —€g = h

ZNek.(a*, A, €1 = —€y = h) — ZA_mOdel(ti, h)

geometric engineering



- AGT conjecture [Alday-Gaiotto-Tachikawa, '09]

Nekrasov partition function VAR correlators (conformal blocks)
of instanton counting of 2-dim CFT

N = 2 superconformal SU(2)
quiver gauge theory

[Gaiotto, '09] [Marshakov-Mironov-Morozov, '09]

Nekrasov partition function ‘ ’ Shapovalov form
of SU(2) pure SYM of Virasoro algebra

® SU(3) SYM gives the Shapovalov form of )V3-algebra [M.T, '09]



Virasoro algebra
st e e 1—02(n3 — N)0n.—m

highest weight representation ~ Wweight : eigenvalue of L
vector |A) : L,~o|lA) =0 Lo|A) = AlA)

e N

action of Virasoro generators

weight basis
A A)
A+1 L_1]|A)

A+ 2 L_5|A) L_1%|A)



(AlLg = A(A

(A[Lo<o =0 - L BEA

pairing (bilinear form) of /o and VA ™: Shapovalov form

Shapovalov matrix
Qa(%; Ya) = ({AlLy, Ly, |A) )

=P block diagonal w.rt. |Y1| =1|Y2| =n




- non-conformal AGT conjecture
[Gaiotto, '09] [Marshakov-Mironov-Morozov, '09]

75 (a, eq, e2) = QA ([1™]; [1

c=1— 6e?
2
A=a?- S
T




- Refinement

Recall that the partition function is precisely the topological string partition
function of SU(N)-geometry for €1 = —€g = h

ZNek.(a:, A, €] = —€g = h) — ZA—mOdel(ti, h)

So it is very natural to expect that there exist the extension of topological string
which recover the Nekrasovs partition function for €1 7% —é€s



- Refined Topological Vertex

It is very hard to find a guiding star for refining the topological vertex formalism

- Awata-Kannos idea

The Macdonald functions are a multi-parameter extension of the Schur functions.

2
[[*]]

Gl =

\

Put (t_P; q, t) e t%||V||2ZV(t’ Q), Z”(t, q) s H (1 — tu;—i+1qvi—j)—1
(,J)€EV

Macdonald function
Gt

Zu(ta g)—> Z“(q)

So we may obtain a refined vertex by replacing the Schur functions with the
specialized Macdonald functions !



[Awata-Kanno, ‘05, ‘08]

€5 At —1 (O E=E el

Inl

X Z( ) ( 1)' H_lnlLP)\t/ t(t“ & t q)Py/n(tpq q,t)

f

skew Macdonald function

The framing factor is [M.T. ‘07]

t)2 2
|lv || [zl

e q 2

For the geometric engineering Calabi-Yaus, the amplitudes computed using the vertex
give the Nekrasovs partition functions [Awata-Kanno, '08].



[Igbal-Kozcaz-Vafa]

Crult,d) = (3)

t

lell2+1v )2 FIESENES M
2 2

Fu s q —p —U —vt —
el (=g ey (t) sxt/n(tPq™")8u/m(t™ q7°)
n

IKVS refined vertex breaks the cyclic symmetry for three legs of the vertex !

CA?M’?’/(t’ q) # C 7V9A(t7 q) # CV,A,”(t’ q)

| 4

— preferred direction

q t additional rule
/ \ take all the direction

A M parallel (same CP )

There exists the ambiguity about a choice of preferred direction
when one construct the amplitudes using the refined vertex !



Flop invariance [M.T, '08]

v



6. Link Invariant
& Topological Strings

- Chern-Simons invariants in topological strings [Ooguri-Vafa]
14

A-Branes
SB
A N

CP geometric transition

Boundaries of worldsheets make Wilson loop in S°

=11

Hopf link



Z =) Zxu(g;Q)TraViTraV;

¢ ol l

TANY Z3u(@6:Q) = D Coue(@)(—Q)*'C.r . 5(0)

l Q=q"

W =0 anlg= Dt t=2g S o = g =)

(1,3)EX

Hopf link invariant !



- Homological link invariants
Polynomial invariants of knots and links

B (o= e il el e ) Euler characteristic
1,] €L

Conjectural cohomology

Homological invariant

el el Z gt dim HH) B Be (1) Poincare characteristic

Mathematical theory of homological link invariant is formulated for some
representations.

Gukov-Igbal-Kozcaz-Vafa embedded it into refined topological strings expecting
that it gives some insights info their formulation.



Zxu(t, q,Q) = Z(_Q)|V|C¢MV (t, @) Crgpu (g, t)

¢

7

Recall the refined topological vertex

lell2+1vll? FIESEN M

q 2 Ep = q 2
Ckuv(ta Q) = (t) = Pvt(t p?‘]at) E (t)
n

S\t /n (t_pq_y)su/n )

From the partition function we get the superpolynomial

Gukov-Iqbal-Kozcaz-Vafa

Prula,t,a) =) (-l gzl Z (g, 4)Z,. (¢, @)sa(tPg™ )su(t g

v



- Superpolynomial proposal of Gukov-Igbal-Kozcaz-Vafa

Superpolynomial [Gukov-Igbal-Kozcaz-Vafa, '07]

Paplat,a) =) (—Q)MealF g2l Z (g, 2, (2, @)sa(t™Pg™ )su(tPg™)

v | A4 1]

X 7:l_:[fl — Qtl—l/qu—l/Q)—l(_1)|>\|-|—|,u| (Q_l\/g> 2 (%) Al

New parameters

\/%:qa \/az _tq7 Q: _t/a2'

a=q" ( Large-N duality )

Homological link invariants for Hopf link
S sl(N
B

They must give homological invariants



- Example

Hopf link

B e 1 1_q2+q4t2_321+q2t2_q2+q4t2_|_a4 q2t2 =
CER S S (1 - q2)2 (1 —q2)2 (1 - q2)?

(*) gives the Kovanov-Rozansky invariant for Hopf link

Po,o(q,t,a=q") =q " KhR(2))

Polynomial !

KhRNZS(Q%) e e T e e T e
R e e e P P e et 2 i e e S S i

—|—2q12t2 HE q14t2



[M.T, '08] Slicing invariance hypothesis ==l  simple expression !!

Unfortunately amplitudes for generic representations do not satisfy this property.
However slicing invariance holds for some simple rep.s.!

[Awata-Kanno, ‘09]

Zr, 1) (@5 g, 1)
Zp(Q;5q,1)

= (-1t

3(32—1) q [1r]tp’t—rho] B % —’L—|—%
er(te. (1 )T (1-Qabe+?)

=1l



Summary

-+~ We reviewed topological vertex method of A-model
caluculation

+ We saw the relation between topological vertex
and instanfon counting

-+ We apply the refined vertex for homological link
Invariants



